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1. Introduction
Experimental efforts [1] have been devoted over several decades for syntheses of the

superheavy elements whose existence is predicted by microscopic theories of nuclear struc-
ture [2] in terms of a possible existence of a double magic nucleus after 208Pb or of a
generalized concept of the shell correction energy [3]. But since there had been no reliable
reaction theory for the synthesis, the experiments are based on systematics of the available
data so far, taking into account reaction Q-values etc. But unexpectedly, fusion hindrance
were observed and its reaction mechanism had not yet been understood well so long [4],
although it is crucially important for the synthesis. In order to clarify the mechanism
and to provide the theoretical framework for calculation of fusion probability, the present
authors et al. have recently proposed the new two-step model for fusion of massive heavy
ion systems [5]. There, the fusion process is divided into two sequential steps, i.e., the
approaching phase of passing over the Coulomb barrier and the formation phase of the
spherical compound nucleus. Thus, the fusion probability Pfusion is given by the product
of the sticking probability Pstick for the first step and the formation probability Pform for
the second step.

P J
fusion(Ec.m.) = P J

stick · P
J
form, (1)

where J and Ec.m. denotes the total angular momentum of the system and the incident
kinetic energy in the c.m. system.

In both phases, dissipation of the collective energy and its associated fluctuation play
an essential role, as is explained in the next section.

In addition to the fusion hindrance, another difficulty in synthesis of the superheavy
elements stems from the fragility of the nuclei that their stability is given solely by the
so-called shell correction energy, because of no fission barrier in the Liquid Drop Model
(LDM) for nuclei with fissility about 1 [6]. Naturally, compound nuclei formed by the
fusion reaction are excited, which means that the shells are more or less destroyed. Thus,
the shell correction energies, which stabilise the nuclei, are diminished. Survival proba-
bility Psurv of the compound nuclei against fission decay is calculated by the competition
between fission decay with barrier depending on excitation energy and neutron emission
which makes the compound nuclei to cool down and to restore the shell correction en-
ergies. This process is, as usual, treated by the statistical theory of decay, where the
absolute values of the shell correction energies and their temperature dependence play a
decisive role in determination of the survival probability. They are properly taking into
account through the level density parameter in the statistical code [7]. Residue cross
sections are, of course, given by the product of the fusion and the survival probabilities.

σres(Ee.m.) = π · −λ2
∑

J

(2J + 1) · P J
fusion(Ec.m.) · P

J
surv(E

∗), (2)

where −λ denotes the de-Broglie wave length divided by 2π, and the excitation energy
E∗ = Ec.m. + Q with the reaction Q-value.
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Examples of excitation functions for residues will be given in section 3. In section
4, discussion will be given on attempts for how to reach N = 184 closed shell, using
neutron-rich secondary beams.

2. Two-Step Model of Fusion of Massive Systems

In lighter heavy ion systems, targets and projectiles are expected to fuse, once they
pass through the Coulomb barrier to contact with each other. But it is not always
the case in massive systems with the fissility of the compound nuclei near 1. This is
simply understood by the property of LDM energy. Fig. 1 schematically shows the LDM
potential surface as a function of the elongation (distance between two mass centers in
two-center parametrization) and the mass-asymmetry parameters. Since the fissility is
nearly equal to 1, the saddle point is near the spherical shape. On the other hand,
the contact configuration (di-nucleus configuration) with the mass-symmetric entrance
channel is apparently far outside from the spherical shape with the lower LDM energy,
which means that even if the target and the projectile contact to form the di-nucleus
configuration after overcoming the Coulomb barrier, the system does not automatically
fuse, but is under driving force back to re-separation due to the potential slope. In order
to form the spherical compound nucleus, the amalgamated system has to climb up over
the saddle point. This is an essential difference from lighter systems and is a basic cause of
the hindrance [8]. As an example with rather small mass-asymmetry, 86Kr+208 Pb system
is shown. It is readily seen that the system has to climb up to overcome a conditional
saddle point on the ridgeline. For a case with larger mass-asymmetry, the relative height
of the conditional saddle point measured from the contact configuration is much smaller,
i.e., the hindrance is expected to be weaker than the mass-symmetric case. As an example
with large asymmetry, 48Ca +244 Pu system is also shown in the figure, which has almost
no relative saddle height. Even more is that the relative heights are smaller as the fissility
of the compound nucleus is smaller, because the saddle point or the ridgeline locates
outside the spherical shape and closer to the contact configurations. These are in accord
with the observations on the hindrance. For quantitative study of the fusion probability,
we have to take into account also the sticking probability of the approaching phase.

2.1. Approaching phase : over Coulomb barrier
As is well-known in the Deep-Inelastic Collisions (DIC) [9], interactions between heavy

ions are strongly dissipative. Therefore, we have to take into account the aspect also
in the fusion reaction. Although quantum effects are expected in penetration of the
Coulomb barrier [10], we adopt a classical mechanics for trajectory with the surface friction
model (SFM) [11] for the sake of the consistency with the treatments in DIC. The model,
however, is applied up to the contact point of the target and the projectile, thereafter,
the system is treated as an amalgamated mono-nucleus, which is discussed in the next
subsection. Furthermore, consistently with the dissipation-fluctuation theorem [12], we
introduce the associated fluctuation to the friction, i.e., the associated random force in the
equation. Thus, the equation for trajectory is now a Langevin equation. We, thus, have
to calculate an ensemble of trajectories. Since the details of the model are already given
elsewhere [13], here we summarise essential results of the model at the contact point;

1. The incident kinetic energy is completely dissipated, i.e., the mean value of the radial
momentum is equal to zero ( note that in lighter systems it is not the case),

2. The distribution of the radial momentum is approximately Gaussian with the vari-
ance consistent with the temperature of the intrinsic nucleonic degrees of freedom
whose excitation energy is transferred from the kinetic energy due to the friction

2



Figure 1: LDM energy surface in the two-dimensional space of the distance R and the mass-asymmetryα

for the fissility being about 1. Rc denotes the distance between the centers of two spheres corresponding
to the projectile and the target of the incident channel at the contact configuration, while R0 does that
between the mass centers of the semi-spheres corresponding to those at the compound nucleus limit.

force. In other words, the distribution is that of the thermal equilibrium.

3. Energy dependence of Pstick is similar to the transmission coefficient of the Coulomb
barrier, but is much slower in increase as Ec.m. increases.

Thus, the distribution of the momentum S obtained with SFM generalized to include the
fluctuation is approximately expressed as follows,

SJ(p) = P J
stick(Ec.m.) · g

J(p), gJ(p) =
1

√
2πµT

exp

[

−
(p− < p >)2

2µT

]

, (3)

where < p > denotes the average value of remaining momenta that is almost equal to zero
in massive systems calculated. T denotes the temperature of the compound system with
the di-nucleus configuration. µ is the reduce mass. The point 1 means, for the second
phase of shape evolution, that the average trajectory has no initial impulse toward the
inner direction at the contact configuration , irrespectively of incident kinetic energy and
thus, is not capable to overcome the conditional saddle or the ridgeline ! The point 2,
however, indicates that there is a small probability for overcoming the saddle from the
tail part of the distribution which has large innerward radial momenta. Of course, this
is simply about the initial condition for the second phase, while the dissipative dynamics
in the second phase itself gives rise to an extreme reduction of a probability for forming
the spherical shape, as is discussed below. The point 3 appears to already explain the
hindrance partially.
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2.2. Formation phase : over conditional saddle point
As is discussed in the previous subsection, there is the conditional saddle point or the

ridgeline between the contact configuration and the spherical compound nucleus, which
has to be overcome for formation of the compound nucleus, starting from the point on the
potential slope, i.e., under action of the driving force back to re-separation. Furthermore,
the system is excited with the energy transferred from the incident kinetic energy due
to the friction, which means that there is a thermal agitation to the collective shape
motions by incessant interactions with the thermal motion of nucleons, i.e., with the heat
bath. This is treated, as usual, in terms of frictional force as an average effect and of the
remaining rapidly fluctuating force. Therefore, the dynamics of the shape evolution has to
be solved again with a Langevin equation with a multi-dimensional potential landscape
like that shown in Fig. 1, and with a frictional force and its associated random force
[12]. As a frictional force for the shape motions, we adopt so-called one-body model,
i.e., the wall-and-window formula(WWF) [14], according to our experiences in analyses
of anomalous multiplicities of pre-scission neutrons [15]. As stated above, an initial value
for the radial momentum is given as the thermal distribution obtained as the results of
the approaching phase. This gives a new connection method between the sequential steps
of the two-body collision process and the one-body shape evolution of the amalgamated
system. The method is completely different from adiabatic or from diabatic, but should
be called a statistical connection.

2.3. Mechanism of fusion hindrance
The hindrance mechanism had been waited for so long to be clarified. Thus, before

proceeding to the realistic calculations, it is meaningful to remind the recent accomplish-
ments on underlying mechanism for the fusion hindrance [16]. To facilitate analytic study
of the fusion mechanism, we employ a simple one-dimensional model for overcoming of a
conditional saddle point, under a friction and its associated fluctuation. Approximating
the shape of the saddle point with an inverted parabola and the frictional force with a
constant friction coefficient γ, the equation becomes as follows,

dp

dt
= µ · ω · q − β · p + R(t), (4)

where µ and ω denote the inertia mass for the radial motion and the frequency of the
parabola, while β and R(t) do the reduced friction coefficient γ/µ and the fluctuating
force assumed to be Gaussion, satisfying the dissipation-fluctuation theorem, i.e.,

< R(t) · R(t′) >= 2 · γ · T · δ(t − t′), (5)

where the memory effect is neglected and T denotes the temperature of the heat bath,
i.e., that of the compound nucleus. The symbol <> denotes the average over all the pos-
sible realizations of R(t). With solutions of Eq.(4), the formation probability F , i.e., the
probability for entering into the other side of the parabola with a given initial momentum
p0 is simply given by the error function as follows,

F (p0) =
1

2
erfc





√

η + η′

2η





√

B

T
−

1

η + η′

√

K

T







 , (6)

where B = µ ·ω2
·q2

0
/2 with q0 being the contact distance denotes the relative height of the

saddle point measured from the contact configuration and K denotes the initial kinetic
energy p2

0
/2µ at the contact point. The non-dimensional parameter η is defined as µ/2ω

and η′ is
√

1 + η2. Here, it is interesting to notice that Eq.(6) gives a simple explanation
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of the so-called extra-push energy. In order for the probability F to be equal to 1/2, the
argument of the error function must be zero. Therefore, the required initial kinetic energy
K should be equal to (η + η′)2

·B. Since the parameter η is a few to several with WWF,
the factor in front of B can be easily equal to several to ten. Thus, even if the height of the
saddle point B in LDM is small, say, a few MeV, the effective height becomes a few tens
MeV, which is required for the kinetic energy. Consequently, the probability F becomes
extremely small in low energies. Thus, this is considered to be a basic mechanism for the
fusion hindrance. Furthermore, the kinetic energy K is that at the contact point, which
is much smaller than that of the incident energy, because the incident energy is dissipated
during the approaching phase up to the contact point. Actually, the mean value is nearly
zero in massive systems, as is given in the previous subsection.

In order to obtain the formation probability for a given incident energy, we have to
make an average of the probability F given in Eq.(6) over the distribution of the mo-
mentum at the contact point calculated for the incident energy Ec.m.. According to our
experiences in massive systems, the distribution is that of the thermal equilibrium, as
state in the point 2 in the previous subsection. The result is again given by the error
function,

P J
form =

1

2
erfc





√

B

T



 . (7)

As discussed by Swiatecki et al. [17], this is the solution of Smoluchowski equation
corresponding to the overdamping limit of Kramers equation, or of Langevin equation.
(Generally, the argument of the error function in Eq.(7) includes the remaining momentum
which comes from < p > in Eq.(3). )

Of course, the fusion probability is given by the product of the sticking probability and
the formation probability, as given in Eq.(1). Thus, it is clear that the fusion probability
is determined by the combination of the entrance channel parameters and the compound
nucleus parameters. With the aid of the analytic formula given in Eq.(7), a careful anal-
ysis would give a new order parameter controlling the hindrance, such as a combination
of the effective fissility parameter of the entrance channel xeff and the fissility parameter
of the compound nucleus x. In other words, the present model provides a global under-
standing of the hindrance mechanism which had not been clarified. And furthermore, it
naturally provides the dynamical method to calculate fusion probability of massive heavy
ion systems, which is necessary for prediction of synthesis of the superheavy elements.

3. Fusion Excitation Functions and Residue Cross Sections for the Superheavy Elements

Realistic calculations for the formation probability are made in two-dimensional col-
lective space with the radial distance and the mass-asymmetry such as shown in Fig.1,
and with the hydrodynamical inertia mass and the WWF for the friction. It would be
better to include one more degree of freedom, such as the necking parameter, but effects
would not be so large in fusion process, considering the fact that to fuse or not to fuse is
determined rather quickly. (see Ref. [16]).

3.1. Fusion probability and fusion excitation functions [18]
According to the present model, we calculate sticking and formation probabilities, and

then fusion probabilities by their products. In Fig. 2, an example of them is shown
for the s-wave of 58Fe +208 Pb system. The abscissa is Ec.m., while the ordinates are the
probabilities (note the different scales among the panels). It is readily seen that the fusion
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Figure 2: Calculated probabilities for the sticking, the formation and the fusion are shown for the case
of 58Fe +208 Pb with J = 0

probability(shown in the bottom) is very small in low energies due to both factors and is
less than 1/10 even in the higher energy limit, mainly due to the formation probability.

Next, we calculate the fusion excitation function to compare with the data available.
The cross section is defined as usual,

σfusion(Ec.m.) = π · −λ2ΣJ(2J + 1) · P J
fusion(Ec.m.) (8)

In Fig. 3, the comparison is made on 58Fe +208 Pb system. It is apparently seen that the
present model reproduces the experiment [19] almost perfectly. It is surprising, because
there is no adjustable parameter in the present calculations. It is worth to remind that
as the data typically show the hindrance, the present calculations precisely reproduce the
hindered fusion excitation. The other systems of the so-called cold fusion path are also
calculated, but there is no data to be compared for the moment. Precise measurements of
the excitations of these systems are being waited for. As for the systems of the so-called
hot fusion paths, the comparisons with the available data were already made successfully
[5], though the reproductions are not so impressive like the above case.

In individual incident systems, there are variations due to possible effects from prop-
erties of projectiles and targets, such as deformation, shell closure, large neutron excess,
etc. But the present model provides the basic values or bare values of the fusion cross
sections, on which individual effects should be added for comparisons with measured data.
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Figure 3: Calculated fusion excitation functions are shown for several systems of the cold fusion path.
Experimental data are available only for 58Fe +208 Pb system, which are seen to be reproduced almost
perfectly.

3.2. Residue cross sections for the superheavy elements
Combined with the statistical code for the survival probability [20], we calculate residue

cross sections for several systems of the cold fusion path. Since masses are not known in
the superheavy element region, we have to rely upon predictions by structure calculations.
We, thus, adopt the mass table [21] as a reference. Fig. 4 shows comparisons of calculated
1n residue cross sections with the measured data [22]. It is seen that the peak positions are
well reproduced, considering the ambiguities in experimental values of Ec.m.. The absolute
values of the peaks, however, are not reproduced well. The theoretical calculations always
give much larger values, more than one order of magnitude. The values presented in the
figure are obtained by the use of reduced shell correction energies by the factor is about
1/2. This factor is only one free parameter introduced in the present calculations. Of
course, we could introduce another way of reducing the cross sections, for example, could
take a smaller value of the so-called shell damping energy which is taken to be 18 MeV in
the present calculations according to Ignatyuk [23]. Anyhow, the successful reproduction
of a series of the data with the only one common parameter can be considered to be
a canonical step toward a construction of a theory for the synthesis of the superheavy
elements.

With the same procedure, we calculated the heavier systems not yet measured. The
results are presented in Fig. 5. Recently, RIKEN has measured 70Zn +209 Bi, whose cross
section is estimated to be smaller than 0.1pb [24], so the theoretical prediction appears
to be too large, though the experiment is still being continued.

As for the hot fusion path, the present theory also gives the results of xn cross sections
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Figure 4: Comparisons are given for several systems of the cold fusion path (see the text for the expla-
nation). RIKEN data are from K. Morita, private communication.

which are consistent with the measured data [5]. There, we have to reduce the absolute
values of the predicted shell correction energies also by about factor 1/2 in order to
reproduce the measured magnitudes [25].

4. Toward Heavier Elements and N = 184 Closed Shell

In the cold fusion path, as described above, residue cross sections become smaller, and
thus, syntheses become more difficult, as compound nuclei become heavier. And even if
synthesized, the nuclides are located naturally in the proton-rich side. The hot fusion path
can reach isotopes with a little more neutrons, but still far from N = 184 closed shell. A
possible way is to use neutron-rich isotopes as a projectile and/or a target. Nowadays,
we can expect that a variety of secondary beams of neutron-rich isotopes are available or
will be. As an example, we investigate 132Sn +160 Gd system which leads to a compound
nucleus with Z = 114 and N = 178, which is not equal to, but close to 184. Since the
incident system is almost mass-symmetric, an extreme hindrance is inferred. With the
present model, we can investigate quantitatively how strongly hindered it is and how much
the residue cross sections are. In Fig. 6, calculated fusion excitation function is shown,
which shows very small cross sections, as expected. But, it should be mentioned that the
present calculations give base-line results. That is, the present calculations do not take
into account possible effects of anomalous enhancements which are already observed in
132Sn +64 Ni system [26]. Although an underlining mechanism is not yet clarified, it is
speculated due to excess neutrons in 132Sn. Thus, the same effects would be expected in
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Figure 6: Fusion cross sections for 132Sn +160 Gd systems by the two-step model, without taking into
account anomalous enhancements expected. see the text.
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Figure 7: Preliminary results for xn cross sections for 132Sn +160 Gd systems. The fusion hindrance
is taken into account in the fusion probability, while the anomalous enhancement is not, though it is
expected due to the excess neutrons. The latter would give an additional factor more than one order of
magnitude.

132Sn +160 Gd system. If so, actual cross sections would be expected to be larger than
the calculated values shown in Fig. 6 by an order of magnitude in low energies. For the
moment, without taking into account of the effects, we calculate residue cross sections
for xn reactions, combining with the survival probability calculated with the statistical
code. Fig. 7 shows preliminary results of excitation functions for xn reactions, again
using the reduction factor 1/2 of shell correction energies. Since a beam intensity of
secondary beam is much smaller than stable beams, it seems to be difficult to observe
the residues practically. But considering the additional fusion enhancement mentioned
above and expected innovations in the intensity of secondary beams, it is worthwhile to
investigate the possibility to use exotic isotopes to reach the superheavy island predicted
so long.

One of the author(Y.A.) acknowledges suggestions by T. Nomura on new possible sys-
tems with the use of neutron-rich beams such as 132Sn, and also supports by Huzhou Univ.
for his visit to the Univ., where he, together with another author(C.W.S.),completed the
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