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Abstract
We have updated the evaluation of the hadronic contribution to the running of the QED
fine structure constant. It is obtained from a dispersion integral over a parametrization of
(5)
the measured cross section of e+ e− → hadrons. We find this contribution to be ∆αhad (s)
= 0.02761 ± 0.00036 at s = m2Z corresponding to 1/α(5) (m2Z ) = 128.936 ± 0.046. The
improved experimental accuracy is mainly due to recent BES measurements. We have also
updated and parametrized the hadronic contribution to α as a function of energy.
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1 Introduction

Considerable progress has been made in understanding of the electroweak gauge
theory of elementary particle interactions in the last decade. Precision high energy
data from LEP, SLC and Tevatron have clearly established the existence of electroweak radiative corrections. The dominant correction is provided by the running
of the electromagnetic coupling constant α from its value at vanishing momentum
transfer to high energies.
A combined analysis of the high energy experimental data is performed by the LEP
electroweak working group [1]. Recent results from global fits have been reported
in [2]. The results are perfectly consistent with the standard model and allow a
determination of the standard model Higgs boson mass from radiative corrections.
The Higgs mass obtained in these fits depends mainly on the value of the top mass
(5)
and the hadronic contribution of the five lighter quarks ∆αhad (s) to the running of
the QED fine structure constant.
The running of α can be expressed as
α(s) =

α(0)
(5)

1 − ∆αl (s) − ∆αhad (s) − ∆αtop (s)

.

The leptonic contribution ∆αl (s) is known with high accuracy [3], so that its uncertainty can be neglected in the present analysis. The contribution from the top quark
loops ∆αtop (s) is treated separately, such that the top quark mass can be treated as
parameter in standard model fits.
The main subject of this paper is the up-to-date estimate of the contribution from
(5)
the lighter five quark flavours ∆αhad (s). It is obtained as dispersion integral [4]
(Kramers–Kronig rule; the P stands for the principal value of the integral )
αs
∆αhad (s) = −
P
3π

∞
4m2π

Rhad (s ) 
ds
s (s − s)

.

(1)

Rhad is the measured QED cross-section of the process e+ e− → hadrons, normalized to the QED cross-section for lepton-pair production. The integration can
be done numerically or even analytically for energy intervals in which Rhad (s) is
parametrized by straight lines. The uncertainty in the result obtained from Eq. (1)
is almost entirely due to experimental errors in the determination of Rhad (s), and
in particular free of assumptions on light quark masses and nonperturbative QCD.
Computational uncertainties, introduced by the particular choice of the parametrization and algorithm used, are negligible compared to the experimental uncertainty in
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the data. This has been checked by comparing different programs and parametrization methods [5].
As in our previous analysis published in 1995 [6], we prefer to represent Rhad by
simple parametrizations, like broad averages and straight lines in the continuum
and rely, whenever available, on published world averages. The uncertainty in our
previous analysis
√was mainly due to the poor knowledge of the cross sections for
c.m.s. energies ( s) from 1 to 5 GeV (see Fig. 2 in [6] ). Recently, the BES Collaboration [7,8] measured Rhad (s) between 2 and 5 GeV with substantially improved
precision compared to previous measurements.

2 Updated analysis
We updated Rhad (s) and recalculated ∆α(s) using all currently available data. Our
parametrization of Rhad including resonances for centre-of-mass energies up to 10
GeV is shown as a solid line in Fig. 1. The relative error of the continuum contribution of Rhad is shown as a band and is given in numbers at the bottom of the figure.
Measurements of various experiments are shown with their statistical errors.
The contributions from the ρ, narrow resonances and different energy regions to
(5)
∆αhad (m2Z ) are summarized in Table 1 and illustrated in Fig. 2. Even with the recent significant improvement in measurements at lower energies, it is still the 1 to
5 GeV energy range which dominates the uncertainty in ∆α(m2Z ).
Table 1
(5)
Contributions to ∆αhad (m2Z )
√
Range s,
∆α
GeV

Relative

Comments

error

ρ

0.00350

2.3 %

including CMD-2 at VEPP-2M

Narrow resonances

0.00184

3.1 %

PDG, undressed width, without ψ”..

1.05 – 2.0

0.00156

1.5 %

as in 1995 paper

2.0 – 5.0

0.00381

5.9 %

including BES, with ψ”..

5–7

0.00183

6%

as in 1995 paper

7 – 12

0.00304

1.4 %

including CLEO

> 12

0.01203

0.2 %

third-order QCD

0.02761

1.3 %

The changes from the 1995 analysis are given in Table 2 and discussed below:
- In the c.m.s. energy region between 0.61 and 0.96 GeV the results of the pion
3

Table 2
(5)
Changes in ∆αhad (m2Z ) from 1995 analysis
(5)

∆αhad (m2Z ) =

(5)

∆αhad (m2Z ) =

-

-

-

-

0.0280

± 0.0007

1995 result

−0.00030

2 – 5 GeV (BES)

−0.00008

above 12 GeV (QCD)

−0.00001

other changes (CMD-2, CLEO, PDG)

0.02761

± 0.00036

this analysis

form factor measurements with the CMD-2 detector at the VEPP-2M collider are
known to 1.4% systematic uncertainty. We have used the “hidden local parametrization” of [9], with a small extra bump at 1.2 GeV, see Fig. 3. Only statistical errors
are shown in the figures. The overall uncertainty of the ρ region integral, including the statistical uncertainty, is 2.3% (that of Γee in [9]).
In the c.m.s. energy region between 2 and 5 GeV, results of Rhad measurements
at 85 different energies have been published recently by the BES Collaboration
[7], in addition to the 6 points published earlier [8]. These measurements include
the contributions of the charmonium resonances above the ψ’. The number of
measured energy points is sufficiently large to allow us to connect and integrate
the results directly and to distinguish between correlated systematic uncertainties
and uncorrelated statistical errors. For the few overlapping energy points from
[7] and [8], we used weighted means. The BES data now allows to obtain the
dispersion integral in the 2 to 5 GeV energy range to 5.9%.
This is a substantial improvement, and in fact the most significant single change
compared to our 1995 analysis, where Rhad in this energy range was only known
to 15%. As always in our analysis, the information from the older measurements
is kept. Here, this was achieved by a slight rescaling of the BES contribution.
In the c.m.s. energy region between 7 and 12 GeV, a new value for R
√had of
3.56±0.01±0.07 was measured by the CLEO collaboration [10] at s = 10.52.
We use here the mean value of Rhad = 3.57 with the uncertainty of 1.4% obtained
from the combination of the CLEO result with the result of the compilation of
other measurements from our 1995 analysis.
Above the c.m.s. energy of 12 GeV, we previously relied on a direct parametrization of PETRA, PEP and TRISTAN data made by D. Haidt [11]. This parametrization was based on second-order QCD with αs = 0.146+0.031
−0.026 at 34 GeV and
+0.021
implied a value of 0.124−0.019 at mZ . This purely experimental approach was
motivated in 1995 by large discrepancies between different values of αs (m2Z )
measured in different experiments [12] ranging from the value 0.108 measured
in deep inelastic scattering to the value 0.127 measured from Rhad at LEP. A consensus on the value of αs (m2Z ) and on the validity of perturbative QCD emerged
since that time. In this paper, we use third-order QCD to describe Rhad above 12
GeV, with αs = 0.118 ± 0.002 at mZ [13]. This allows a determination of the
dispersion integral in this energy range to 0.2% relative precision.
Narrow resonances were included as in our 1995 papers [6]. The contribution
4

is proportional to the undressed electronic width Γe . The values and errors are
obtained by slight rescaling of the dressed widths listed in the year 2000 version
of the review of particle properties [13]. As mentioned above, the charmonium
resonances above the ψ’ are included in this paper as part of the continuum.

3 Comparison of different estimates in the literature
(5)

Fig. 4 shows a comparison of different estimates of ∆αhad (m2Z ) since 1989 [2,5,6,14–
29]. Estimates up to 1995 were discussed in our previous paper [6].
A number of analyses has been made since then, based on more theoretical descriptions of the hadronic cross section. The results are shown as open circles in Fig. 4.
Rather compatible results were obtained from 1997 to 1999. It is interesting to see
however, that the last of these estimates [29] used results from BES on Rhad (s) at
low c.m.s. energies and found a significantly lower central value than obtained in
the various estimates from 1997 to 1999.
A preliminary value was released by us for the ICHEP 2000 in Osaka [2], in good
agreement with the more precise result presented in this paper.

4 Parametrization as a function of energy

A simple parametrization of the hadronic contribution to the vacuum polarization
[30,5] is used in many computer programs. It is described by the formula
∆αh (s) ∼
= A + B ln(1 + C|s|)
with s or t instead of s, both in GeV2 . We have updated the parameters A, B, and
C for five different c.m.s. energy regions. This parametrization is better than 0.2
σ in the whole t-channel and exact at mZ = 91.1876 GeV in the s-channel. The
values of the parameters are given in Table 3. Computer code for ∆α with this
parametrization is available from the authors.

5 Conclusion

Our updated evaluation of the hadronic contributions to the running of the QED
(5)
fine structure constant α results in ∆αhad (m2Z ) = 0.02761 ± 0.00036 at s = m2Z or
(5)
1/α(5) (m2Z ) = (1 − ∆αl (s) − ∆αhad (s))/α(0) = 128.936 ± 0.046.
5

Table 3
Parametrization of the hadronic vacuum polarization
√
range s, GeV
A

B

C

0.0 - 0.7

0.0

0.0023092

3.9925370

0.7 - 2.0

0.0

0.0022333

4.2191779

2.0 - 4.0

0.0

0.0024402

3.2496684

4.0 - 10.0

0.0

0.0027340

2.0995092

10.0 - mZ

0.0010485

0.0029431

1.0

mZ - 10 000.0

0.0012234

0.0029237

1.0

10 000.0 - 100 000.0

0.0016894

0.0028984

1.0

The most important energy range for further improvements is still the low energy
region, mainly from 1 to 5 GeV c.m.s., and efforts for more precise measurements
should be strongly encouraged.
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Fig. 1. Rhad including resonances. Measurements are shown with statistical errors. In addition there are overall systematic errors (up to 20% in case of Mark I). The relative uncertainty assigned to our parametrization is shown as band and given with numbers at the
bottom.
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Fig. 2. Relative contributions to ∆αhad (m2Z ) in magnitude and uncertainty.
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Fig. 4. Comparison of recent estimates of ∆αhad (m2Z ). Estimates based on dispersion integration of the experimental data are shown with solid dots and estimates relying on additional theoretical assumptions shown as open circles.
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