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Abstract

Among the main c hallenges of gra vitational w a v e (GW) data analysis, the non-uniformit y

of curren t GW detector resp onses is a ma jor concern. Indeed, it strongly limits the

e�ciency of an y net w ork of GW an tennas, ev en though suc h con�gurations are mandatory

to separate true GW signals from noise �uctuations. This article just aims at giving a

complete analytical description of GW detector an tenna patterns. Most of its con ten ts

can b e found elsewhere in the literature, but w e though t useful to collect them in a single

place with additional details, in order to pro vide an understanding as complete as p ossible

of this essen tial basic feature of an y GW net w ork data analysis. The t w o main t yp es of

GW detectors � in terferometers and resonan t bars � are considered in this article, as w ell

as b oth tensorial and scalar GW, the former predicted b y the General Relativit y while

the later o ccurs in alternativ e theories of gra vit y .

1 In tro duction

Analyzing prop erly the data pro vided b y GW detectors is as di�cult and complex as the

exp erimen tal w ork aiming at op erating these instrumen ts at their b est sensitivities with the

highest dut y cycle. GW signals o ccur at random times with w a v eforms a priori unkno wn,

whic h mak es compulsory the use of sev eral �ltering tec hniques in parallel to try not to miss

an y of these rare ev en ts.

In addition to these computing c hallenges (algorithm design, managemen t of large computer

farms, selection of p oten tially in teresting ev en ts...), another problem mak es the analysis ev en

more complex: the spatial resp onse of curren t GW detectors is not uniform. Indeed, it dep ends

on the relativ e p osition of the an tenna with resp ect to the source lo cation [1]. Therefore, the

GW amplitudes asso ciated to the same signal can b e v ery di�eren t in distan t detectors, whic h

mak es more di�cult � and nev er 100% e�cien t � an y net w ork analysis using outputs from

sev eral an tenna. Y et, suc h metho ds are compulsory to v alidate a real ev en t with a satisfying

con�dence lev el � see e.g. [2, 3, 4 , 5, 6, 7, 8, 9] � as a single detector cannot easily separate

real GW from random noise �uctuations.

This article aims at summarizing the main features of the an tenna patterns of curren t GW

detectors: in terferometers and resonan t masses. In b oth cases, t w o t yp es of GW are con-

sidered: GW generated in the General Relativit y framew ork (tensorial GW) and scalar GW

predicted b y alternativ e theories of gra vit y � see [10] and references therein for a review of

these theories. In particular, as an original con tribution to this topic, the analytical form of

the in terferometer an tenna pattern for scalar GW is computed.
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2 Geometrical asp ects and notations

T o describ e the e�ect of a GW on the spatial metric, let us start with its 'prop er frame' de�ned

in Figure 1 for details. The GW propagates along the third axis of the frame, while the t w o

�rst are c hosen aligned with the induced p erturbations, lo cated in the transv erse plane.

n

e

y

x

propa

e+

Figure 1: GW lo cal frame in whic h the GW tensor can b e simply written. The angle  

is an additional degree of freedom, taking in to accoun t rotations of the frame around the

source-Earth line.

In General Relativit y , a GW is describ ed in the T ransv erse-T raceless gauge b y t w o time-

dep enden t p olarizations: h

+

et h

�

. In its prop er frame, the tensor measuring the spatial

p erturbation induced b y the GW is simply:

H

GR

=

0

@

h

+

h

�

0

h

�

� h

+

0

0 0 0

1

A

(1)

A dding a GW scalar comp onen t b to the t w o tensorial ones simply requires to c hange the t w o

non-zero diagonal terms of the tensor: h

+

! ( h

+

+ b ) and � h

+

! ( � h

+

+ b ) . One gets:

H

scalar

=

0

@

h

+

+ b h

�

0

h

�

� h

+

+ b 0

0 0 0

1

A

(2)

No w, to compute an tenna patterns, one needs to mo v e from the GW prop er frame to Earth-

based frames asso ciated to GW detectors. A �rst degree of freedom is visible in Figure 1:

let ~ n

propa

b e the unit v ector p oin ting from the GW source to Earth; the GW prop er axis �
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lo cated in the plane p erp endicular to this direction � are de�ned through a rotation angle  

� the p olarization angle � around ~ n

propa

.

The p osition of the source in the sky is monitored b y three angles: t w o recording its lo cation

in a �xed frame, plus a phase taking in to accoun t the Earth prop er rotational motion. The

most con v enien t c hoice is to use the 'equatorial frame' as its third direction is aligned with the

Earth rotation axis; in this frame, a source is lab eled b y its righ t ascension � (a 'longitude')

and its declination � (a 'latitude'), b oth sho wn in Figure 2.

z

d
Point

Vernal

a

Sourcex

Figure 2: De�nition of the equatorial frame: the third direction of the frame 'z' is aligned

with the Earth rotational axis while the �rst one, 'x', p oin ts to w ard the v ernal p oin t.

Detector p ositions on Earth are lab eled b y their latitudes l and their longitudes L (p ositiv e

w est-w ards b y con v en tion). F or detectors ha ving privileged directions lik e in terferometers and

resonan t masses, additional angles are required � see b elo w and Figure 3 for the de�nition of

these lo cal angles.

� F or an in terferometer, t w o angles are mandatory: the angle � b et w een the t w o arms �

it will b e sho wn that � = 90

�

is optimal � and a angle  , monitoring the lo cal orien ta-

tion of the an tenna on Earth. By con v en tion,  is c hosen to b e the angle b et w een the

lo cal South-North direction and the in terferometer arm bisecting line, coun ted coun ter-

clo c kwise. T able 1 summarizes these informations for the �rst generation of large-scale

in terferometers.

� F or resonan t bars, one angle is su�cien t to describ e the bar lo cal orien tation. In this

case, � is de�ned as the angle b et w een the South-North lo cal direction and the bar axis,

coun ted coun terclo c kwise again. T able 2 con tains geographical informations needed to

describ e the resonan t bars curren tly op erated.

Finally , the lo cal hour angle H ( t ) is mandatory to tak e in to accoun t the detector motion with

resp ect to the celestial sphere due to Earth prop er rotation. F or a source of righ t ascension �

and a detector of longitude L , it is de�ned as:
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H ( t ) = �t + T

Green wic h

(0) � ( � + L ) (3)

with T

Green wic h

(0) b eing the Green wic h sidereal time at 0h UT and � � 1 : 0027379 � 15

�

= hour ,

as a sidereal da y lasts appro ximately 23 hours and 56 min utes.

r

Local South

Local North

c / 2
g

Local North

Local South

Interferometer Resonant bar

Figure 3: Description of GW detector lo cal orien tations.

Detector Latitude l (

�

) Longitude L (

�

) � (

�

)  (

�

)

A CIGA [11 ] -31.4 -115.7 90.0 Not de cide d

GEO600 [12 ] 52.3 -9.8 94.3 158.8

LIGO Hanford [13 ] 46.5 119.4 90.0 261.8

LIGO Livingston [13 ] 30.6 90.8 90.0 333.0

T AMA300 [14] 35.7 -139.5 90.0 315.0

Virgo [15 ] 43.6 -10.5 90.0 206.5

T able 1: In terferometer lo cations on Earth

Detector Latitude l (

�

) Longitude L (

�

) � (

�

)

ALLEGR O [16 ] 30.5 -268.8 40.0

A URIGA [17] 45.4 -12.0 136.0

EXPLORER [18 ] 46.5 -6.2 141.0

NA UTILUS [19] 41.8 -12.7 136.0

NIOBE [20 ] -31.9 -115.8 0.0

T able 2: Resonan t bar lo cation on Earth
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3 In terferometer pattern

A GW detector is sensitiv e to a linear com bination h ( t ) of the di�eren t GW p olarizations:

h ( t ) = F

+

( t ) h

+

( t ) + F

�

( t ) h

�

( t )

| {z }

General Relativit y tensorial GW

+ F

b

( t ) b ( t )

| {z }

Scalar GW

(4)

The w eigh ting factors F

+

, F

�

and F

b

are called an tenna pattern functions. T o compute them

analytically , one needs to transp ort the GW p erturbation tensor from the GW frame to the

detector lo cal frame. Using the angles in tro duced in the previous section, this transformation

can b e split in to three rotations: GW prop er frame ! celestial sphere frame ! frame cen tered

on the detector ! detector lo cal frame. If P is the full transformation matrix, the GW

p erturbation matrix M expressed in the detector lo cal frame is equal to:

M =

t

P � H � P (5)

The an tenna pattern functions are �nally computed from the M matrix co e�cien ts, using a

form ula whic h dep ends on the t yp e of GW detector considered.

3.1 T ensorial GW

Let ~ n

1

and ~ n

2

b e unit v ectors along the in terferometer arms; the in teraction b et w een the GW

and the an tenna can b e written [3]:

h =

1

2

�

t

~ n

1

� M � ~ n

1

�

t

~ n

2

� M � ~ n

2

�

(6)

with M the GW p erturbation tensor de�ned ab o v e in Eq. (5). After extensiv e calculations,

the �nal form of the 'General Relativit y' an tenna pattern functions F

+

and F

�

is giv en b y

[3, 8, 21]:

�

F

+

F

�

�

= sin �

�

cos 2  sin 2  

� sin 2  cos 2  

� �

a

b

�

(7)

with

a = �

1

16

sin 2  ( 3 � cos 2 l ) ( 3 � cos 2 � ) cos 2 H �

1

4

cos 2  sin l ( 3 � cos 2 � ) sin 2 H

�

1

4

sin 2  sin 2 l sin 2 � cos H �

1

2

cos 2  cos l sin 2 � sin H

�

3

4

sin 2  cos

2

l cos

2

�

b = � cos 2  sin l sin � cos 2 H +

1

4

sin 2  ( 3 � cos 2 l ) sin � sin 2 H

� cos 2  cos l cos � cos H +

1

2

sin 2  sin 2 l cos � sin H
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Lo oking at the previous expressions, one can note that the dep endence in the  and � angles

are factorized: the p olarization angle  simply in tro duces a rotation of the an tenna pattern,

while the F co e�cien ts are clearly maximal for orthogonal arms. The a and b functions ha v e

no particular ph ysical meaning: their distributions di�er from one in terferometer to the other.

On the other hand, the com bination

p

a

2

+ b

2

has a unique distribution for all detectors, see

Section 4.

3.2 Scalar GW

F or a scalar GW, the an tenna pattern function is computed b y follo wing exactly the same

pro cedure. Original calculations giv e:

F

b

=

sin �

2

[ K

s

sin 2  + K

c

cos 2  ] (8)

with

K

s

= sin

2

H cos

2

� � sin

2

l cos

2

� cos

2

H � cos

2

l sin

2

� +

1

2

sin 2 � sin 2 � cos H

K

c

= sin l cos

2

� sin 2 H + cos l sin 2 � sin H

Lik e for tensorial GW, sin � is a scaling factor for the in terferometer resp onse, coming directly

from Eq. (6) and the lo cal orien tation angle  dep endence is factorized. But the most

imp ortan t feature here is that F

b

do es not dep end on the p olarization angle  .

4 In terferometer an tenna pattern in terpretation

T o understand the shap es of these an tenna pattern functions, it is in teresting to re-express

them in a particular frame, sho wn in Figure 4; its t w o �rst axis are along the detector arms,

th us assumed to b e p erp endicular, whic h is the case for all in terferometers apart GEO600

whic h exhibits only a small deviation from this optimal situation � see T able 1. These expres-

sions are simple enough to explain the main features of the in terferometer patterns.

Using the spherical angles in tro duced in Figure 4, one gets:

F

+

=

1

2

( 1 + cos

2

� ) cos (2 � ) cos (2  ) � cos � sin (2 � ) sin (2  ) (9)

F

�

=

1

2

( 1 + cos

2

� ) cos (2 � ) sin (2  ) + cos � sin (2 � ) cos (2  ) (10)

F

b

=

1

2

sin

2

� cos (2 � ) (11)

The expressions for F

+

and F

�

are w ell-kno wn � for instance, they can b e found in Ref.

[1] � and presen t the same structures than Eq. (7). It is clear that F

+ ; �

and F

b

are v ery

di�eren t. First, j F

b

j � 1 = 2 , whic h means that at b est 50% of the scalar GW amplitude can

b e reco v ered in an in terferometer. This feature strongly limits the p oten tial of suc h an tennas

for the detection of scalar signals.

On the other hand, F

+

and F

�

can reac h � 1 ; extremizing them requires cos � = � 1 , i.e. a GW

p erp endicular to the in terferometer plane � on the other hand, for these directions, F

b

= 0 .
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ex

ey

ez

f

q
(polarisation    )y

Source direction

Interferometer
Arms

Figure 4: In terferometer lo cal frame: its t w o �rst directions are aligned with the detector arms

(assumed to b e p erp endicular) and spherical co ordinates ( � ; � ) are in tro duced.

One can also note that F

+

and F

�

are zero in four directions b elonging to the in terferometer

plane, de�ned b y (cos 2 � = 0) : along the arm bisecting line and in the p erp endicular direction.

As F

+

and F

�

dep end on the p olarization angle  , they ha v e a zero mean in an y direction of

the sky . Therefore, still follo wing Ref. [8], one in tro duces the  -indep enden t quan tit y F to

quan tify the strength of the in terferometer pattern in a giv en direction:

F =

s

F

2

+

+ F

2

�

2

(12)

The squares ensure a non-cancellation of terms; while the square ro ot reduces F to a quan tit y

homogeneous to a GW amplitude � the meaningful quan tit y for what concerns GW detection.

Finally , the factor 1 =

p

2 is simply a con v en tion 'a v eraging' the t w o squared terms, v alidated

b elo w when in terpretations of F will b e giv en. F rom Eq. (7), it is clear that

q

F

2

+

+ F

2

�

, the

norm of the v ector ( F

+

; F

�

) , is a  -indep enden t quan tit y . Indeed, one has:

q

F

2

+

+ F

2

�

= j sin � j

2

p

a

2

+ b

2

(13)

The previous equation explains wh y the distribution of the quan tit y

p

a

2

+ b

2

has a ph ysical

meaning. In the follo wing, the t w o quan tities F (ranging from 0 to 1 =

p

2 for p erp endicular

arms) and j F

b

j will b e used to compare tensorial and scalar an tenna patterns. The mean v alue

of F is nothing but the common RMS of the an tenna patterns F

+

and F

�

, whic h ha v e 0-mean

due to their  -dep endence.
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5 Viewing GW an tenna patterns: the sky maps

A con v enien t w a y to visualize the an tenna pattern of GW detectors is to use t w o-dimensional

densit y plots, the sky maps [3 , 8 ]. An y direction in the sky is lo cated b y a couple of co ordinates

� ( �; cos � ) or ( �; sin � ) dep ending on the c hosen frame

1

� and the an tenna pattern amplitude is

represen ted b y a color co de. As a �rst example, Figure 5 sho ws F and j F

b

j in the in terferometer

lo cal frame � ( �; cos � ) . All features men tioned in the previous section are clearly visible.

Figure 5: An tenna pattern comparison in the in terferometer lo cal frame ( �; cos � ) : top plot,

tensorial pattern; b ottom plot, scalar pattern. F has four zeros in the in terferometer plane

(incoming w a v e along the arm bisecting line) and is maximal for normal incidence. On the

other hand, j F

b

j is maximal for GW coming along one arm and n ull for GW p erp endicular to

the an tenna.

In this particular frame, the an tenna patterns lo ok 'rep etitiv e'. T o see more 'attractiv e'

pictures, one can recompute the same diagrams in a general frame, indep enden t from an y

in terferometer. This c hange mo di�es the pattern shap es, but not their c haracteristics.

Therefore, no w lab eling the source p osition b y the couple ( �; sin � ) , the Virgo an tenna pat-

1

In b oth cases, the second v ariable is not the angle itself but rather its sine, in order to get a uniform

co v erage of the celestial sphere.
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terns

2

� for tensorial and scalar GW � are sho wn in Figure 6. The t w o crosses sho w the

directions p erp endicular to the in terferometer plane, represen ted b y the curv ed dashed line.

Figure 6: GW an tenna pattern ( �; sin � ) for the Virgo detector. The t w o marks sho w the

directions p erp endicular to the detector plane, represen ted b y the dashed line. In this w a y ,

one can c hec k that the t w o diagrams presen t the exp ected features, already visible in Figure 5.

T o conclude on in terferometer pattern sky maps, Figures 7 and 8 compare the an tenna patterns

of the six �rst generation in terferometers, for tensorial and scalar GW resp ectiv ely . F or b oth

plots, the lo cal orien tation of A CIGA has b een c hosen in order to optimize its con tribution to

a full-sized net w ork including all in terferometers, assumed to ha v e iden tical sensitivities. This

corresp onds to 

A CIGA

� 0

�

� mo dulo 90

�

due to the  -dep endence of all an tenna patterns.

A last w a y to compare tensorial and scalar an tenna patterns is to compute their probabilit y

distributions, assuming a uniform distribution of sources in the sky .

Results are sho wn in Figure 9: b oth distributions ha v e zero mean; the F

b

plot sharply p eaks

around zero while the F

+ ; �

distribution � iden tical for F

+

and F

�

as exp ected � is appro xi-

mately �at b et w een -0.5 and 0.5, b efore decreasing on the edges of the plot.

2

T o compute suc h an tenna patterns, the origin of the angle � is c hosen arbitrarily � indeed, at a giv en

sidereal time, Earth prop er motion leads to a horizon tal shift of the pattern b y a phase �t + T

Green wic h

(0) .

The imp ortan t p oin t to ensure a prop er comparison b et w een v arious in terferometers is that all sky maps are

computed using the same origin for � .
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Figure 7: First generation in terferometer an tenna patterns for tensorial GW. The dashed

straigh t lines cross eac h other in the t w o directions p erp endicular to the in terferometer plane

� for whic h the an tenna resp onse is optimal � while the curv ed dashed line sho ws the lo cation

of the in terferometer plane in whic h are lo cated the four blind directions for suc h detectors.

6 Resonan t bar pattern

The same pro cedure can b e applied to resonan t bars to compute their an tenna patterns. Due to

the bar axisymmetrical shap e, the three functions F

+

, F

�

and F

b

are found to b e prop ortional

to sin

2

( �

p ol

) , where �

p ol

is the p olar angle with resp ect to the bar axis. Therefore, one can see

immediately that directions p erp endicular to the bar are strongly fa v ored, while the resonan t

mass is blind along its axis. Indeed, let us de�ne t w o angular functions:

A

bar

= cos � sin l sin H + sin � cos H (14)

B

bar

= cos � sin l sin � cos H + cos � cos l cos � � sin � sin � sin H (15)
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Figure 8: First generation in terferometer an tenna patterns for scalar GW. As exp ected, direc-

tions p erp endicular to the detector plane are blind, while optimal resp onses are found along

the arms, th us shifted from 45

�

with resp ect to the blind directions for tensorial GW.

In term of these v ariables, the bar pattern functions are the follo wing:

F

+

=

�

A

2

bar

� B

2

bar

�

cos 2  + 2 A

bar

B

bar

sin 2  (16)

F

�

= 2 A

bar

B

bar

cos 2  �

�

A

2

bar

� B

2

bar

�

sin 2  (17)

) F =

A

2

bar

+ B

2

bar

p

2

(18)

F

b

= A

2

bar

+ B

2

bar

=

p

2 F = sin

2

( �

p ol

) (19)

The previous equations sho w that for resonan t bars, the kno wledge of F � indeed prop ortional

to the sine squared of the p olar angle � is su�cien t to describ e all an tenna patterns, b oth for

tensorial and scalar GW. In addition, lik e for in terferometers, the scalar an tenna pattern is

11



GR GW pattern distribution

Scalar GW pattern distribution

Figure 9: General Relativit y and scalar GW pattern distributions, assuming a uniform distri-

bution of sources in the sky: � and  uniform in [ � � ; � ] and sin � uniform in [ � 1; 1] . Both

distributions ha v e zero mean and their RMS � equal to the mean v alues of F � are resp ectiv ely

1 =

p

5 (tensorial GW) and 1 =

p

15 (scalar GW). V ertical scales are arbitrary .

indep enden t from the p olarization angle  . Y et, F

b

is not b ounded b y � 0 : 5 but can reac h � 1

in case of optimal orien tation of the source: at equal sensitivities, bars app ear more suitable

than in terferometers for the detection of scalar GW.

As predicted b y Eq. (19), the distribution of F has the same shap e as the distribution of a

sine squared whose cosine is uniform b et w een -1 and 1 � see Figure 10. It p eaks at its maximal

v alue whic h is reac hed on a great circle in the sky .

Finally , Figure 11 compares the an tenna patterns of the �v e bars curren tly running. Con-

trary to in terferometers � cf. Figures 7 or 8 �, the bars are almost aligned to optimize the

p erformances of the net w ork they form; therefore, their an tenna patterns are v ery similar. As

exp ected from the dep endence on sin

2

( �

p ol

) previously men tioned, a bar is optimally sensitiv e

to GW p erp endicular to its axis and blind along it. These patterns are v alid b oth for tensorial

and scalar GW.
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Resonant bar GW pattern distribution

Figure 10: Distribution of F for a resonan t bar, assuming a uniform distribution of sources

in the sky . As exp ected, it has the same shap e as the distribution of a sine squared whose

cosine is dra wn uniformly b et w een -1 and 1. Its mean v alue � whic h is also the RMS of the

zero-mean functions F

+

and F

�

� is equal to

p

2 = 3 .

7 Conclusion

The an tenna patterns of in terferometers and resonan t bars ha v e b een analytically computed

in this article, b oth for tensorial and scalar GW. They are clearly non uniform on the celestial

sphere and in addition they dep end on the t yp es of detector suc h as on the GW radiation

considered. In terferometer an tenna patterns are more complicated than resonan t bar shap es,

whic h exhibit an axisymmetry . The latter detectors app ear more suitable to searc h for scalar

GW w a v es, pro vided that they can reac h the same sensitivities than in terferometers and that

the GW emission is mostly lo cated in the resonan t bar sensitivit y frequency range.

In the future, this situation ma y ev olv e with the in tro duction of spherical resonan t detectors.

Indeed, these ha v e v arious adv an tages with resp ect to resonan t bars � see e.g. [22 ] � : in par-

ticular, their resp onse is indep enden t from the source lo cation and from the GW p olarization!

In addition, using a single detector, one can merge information coming from the �v e quadrup ole

mo des and from the monop ole mo de of the sphere to fully reconstruct the GW tensor and the

source lo cation in the sky ... This in v erse problem has b een solv ed in the presence of Gaussian

and indep enden t noises in the di�eren t sensors, either using a maxim um lik eliho o d metho d

[23 ] or only linear algebra [24 ]. Protot yp es of suc h generators [25 , 26, 27] are curren tly b eing

dev elop ed w orldwide.
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Figure 11: Comparison of the resonan t bar an tenna patterns. They are all similar as the �v e

resonan t bars are almost parallel. One can also note that they ha v e their b etter sensitivit y

for GW p erp endicular to their axis and that they are blind for GW parallel to it. These plots

are v alid b oth for tensorial and scalar GW.
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