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The structure of *®Ni is studied by using the non-relativistic Skyrme Hartree-Fock and the rel-
ativistic Hartree approximation in an axially deformed cylindrical coordinate. We found several
intrinsic excited states, including the spherical ground-state solution. Without including any extra
a-cluster correlations, the possible cluster configurations of the resonance states are analyzed, show-
ing the multiple N=Z, a-nucleus like, cluster structures for hyper-deformed states, but, contrary to
the recent experimental possibilty of a ternary fission decay, we predict a two cluster or symmetric
fission configuration for the hyper-hyperdeformed state.

PACS numbers: 21.60.-n, 21.60.Gx, 24.10.Jv
I. INTRODUCTION

The compound nucleus °°Ni* is a well studied sys-
tem both experimentally and theoretically. In an early
study, Betts [1, 2] measured the mass spectrum of the
75 and 80.6 MeV 60+4°Ca—°6Ni*. A subsequent exci-
tation function measurement of the '0+4°Ca reaction
by Dichter et al. [3], confirming the previous results of
[1, 2], indicates an explicit preference for a-nucleus (N=Z
nuclei) transfer, which is best understood as a (binary)
collective mass transfer in the dynamical fragmentation
theory, using either the proximity pocket formula [4-6]
or the nuclear potential based on the energy density for-
malism [7]. The same result of preferred a-nucleus frag-
ments was observed in the *2S+2*Mg entrance channel
reaction at two incident energies, Fj,,=121.1 and 141.8
MeV [8, 9], interpreted as the (statistical) emission of in-
termediate mass fragments (IMFs) from an equilibrated
compound nucleus (CN) within the framework of the Ex-
tended Hauser-Feshbach Method (EHFM) [10], the scis-
sion point model, [EHFM is an extension of the Hauser-
Feshbach formalism which gives a detailed analysis of the
compound nucleus decay by emission of light particles n,
p, a, and y-rays], or (the emission of IMF’s) as binary fis-
sion decay in a statistical saddle-point ”transition-state”
model (TSM) [8, 9, 11]. Alternatively, the IMF’s are
considered as the dynamical collective mass motion of
preformed clusters through the barrier in a, so-called,
dynamical cluster-decay model (DCM), also applied on
equal footings to the emission of light particles n, p, and
a [12]. Note that both the light particles and fission-like
IMFs (or clusters) of a-nuclei constitute the CN fusion
cross-section. The symmetric and asymmetric fission of
°6Ni has also been studied within the generalized lig-
uid drop model, including the nuclear proximity energy
and angular momentum effects [13]. Interestingly, quasi-

molecular hyperdeformed configurations are obtained at
sufficiently high angular momenta, which might corre-
spond to some of the experimentally observed resonances
[1, 2, 14, 15], while for lower spins the fission barriers
are sufficiently high and wide to allow fusion-fission phe-
nomena. In another study [16], the quasi-molecular res-
onance states in 28Si+28Si—?°Ni* are shown to be of a
di-nuclear configuration within a two-centre shell model
description. Apparently, all these studies point to a bi-
nary fission or clustering process. In a very recent study,
however, in addition to the pure binary events, ternary
fission events with a missing (third) mass of 2 or 3a-
particles are also observed [17] in an (unpublished) exper-
iment of 32S+24Mg reaction at Ej,;,=163.5 MeV. Ternary
fission was also found in the neighbouring 26 Ar+2‘Mg
reaction [18]. In the present paper, we look for the clus-
tering structure of ®°Ni in both the ground and excited
(resonance) states, using the two different mean-field ap-
proaches of non-relativistic Skyrme Hartree-Fock (SHF)
and relativistic mean field (RMF). The question is: Do
clusters exist in *6Ni and, if yes, is its fissioning state just
a binary-cluster state or of a ternary-cluster nature?

Alpha-particle and/ or a-nucleus clustering is a general
feature of N=Z, a—like nuclei in the light-mass region
[19-21] and the RMF calculations are now known [22] to
reproduce the a—cluster as well as a- and non-a-nucleus
cluster structures for light nuclei. In other words, the
a—nucleus structure is experimentally as well as theoret-
ically well understood for N=Z, a—nuclei. For example,
in RMF approach, the 3Be is shown to be of an a-a
cluster structure [22]. Then, the ground state of 2C is
believed to correspond to a 3a-particles configuration in
an equilateral triangle [23], distinctly supported by the
above mentiond RMF calculation [22]. At a higher de-
formation 4=2.33, the 3« linear chain structure for '2C
is also clearly seen in these RMF calculations [22]. In



160, the excited 05 state is predicted to be a coplanar
configuration with a—particles forming a kite-like struc-
ture [23, 24], once again seconded by the RMF formalism
with a quadrupole deformation 5 = 0.95 at an intrin-
sic excitation energy of 14.89 MeV [22]. Similarly, the -
and a-nucleus clustering structures of 2°Ne, 28Si, 32S and
36 At are well explained in several studies using either the
a-cluster model [25-27] or the RMF formalism [22, 28],
although the two approaches are very different concep-
tually. Then, there is also enough experimental evidence
for the existence of extremely deformed oblate and tri-
axial cluster configurations in A = 4n nuclei [27, 29, 30].
Thus, the above noted recent study of clustering struc-
tures in light nuclei using the RMF formalism [22], and
the same in heavy, superheavy and super-superheavy nu-
clei [31-33] is rather a clear indication that the RMF is a
suitable frame-work for studying the clustering structure
of nuclei for all masses of the Periodic Table, and hence
56Ni nucleus forms an interesting case from the heavier
part of the light-mass region. Note that no explicit a-
cluster correlations are addd here in the RMF analysis of
a-nucleus structure in either the light, heavy, superheavy
or super-superheavy nuclei.

The non-relativistic mean field formalism, like that of
Skyrme Hartree-Fock (SHF), is also used for the cluster-
ing analysis of heavy, superheavy and super-superheavy
nuclei [31, 33], but here the clustering effects are found
to be not as apparent and universal as in RMF formal-
ism. Once again, no a-cluster correlations were included
in these calculations. Therefore, in view of the very good
success of RMF method for light mass nuclei, it should be
of interest to see the application of SHF method to light
mass nuclei such as %9Ni, and compare its results with
the RMF results, for both the resonance and fissioning
states. In other words, in this study, we aim at seeing the
presence of a-cluster like correlations in SHF analysis of
light mass nuclei, like the ones already found to exist in
RMF method. Note that both the SHF and RMF theo-
ries are known to be equally successful for explaining the
ground state properties.

II. THEORETICAL FRAMEWORK
A. The Skyrme Hartree-Fock (SHF) Method:

There are many known parametrizations of Skyrme
interaction which reproduce the experimental data for
ground-state properties of finite nuclei and for the ob-
servables of infinite nuclear matter at saturation den-
sities, giving more or less comparable agreements with
the experimental or expected empirical data. The gen-
eral form of the Skyrme effective interaction, used in the
mean-field models, can be expressed as a density func-
tional H [34, 35], given as a function of some empirical
parameters, as

H=K+Ho+Hs+Hess+---+... (1)

where K is the kinetic energy term, Hgy the zero range,
Hs the density dependent and H.rs the effective-mass
dependent terms, which are relevant for calculating the
properties of nuclear matter, are functions of 9 parame-
ters t;, z; (i =0,1,2,3) and n, given as

Ho = ito [(2 + -TO)P2 — (21‘0 + 1)(P12) + pi)] s (2)

Hs = itfsﬂn [(2 +23)p° — (273 + 1)(/’2 + p%)] SC)

[y

Heff = = [t1(2 +CU1) +t2(2+£172)] TP

oo

+é [t2(2 + 1) — £ (221 + 1)] (ypp + Tp).
(4)

The kinetic-energy K = %T, a form used in the Fermi
gas model for non-interacting fermions. The other terms
representing the surface contribution of a finite nucleus,

with by and b} as additional parameters, are

1 1 1 =
Hs, = i {3751(1 + 5561) —t2(1 + 55”2)} (Vo)

1 1 1
_1_6 |:3t1(1,‘1 + 5) + t2(1’2 + 5):|

< [(Vou)? + (V0,)%] . (5)

]. = =3 = e = -
Hop=—35 [0V - T+ 040V - T+ 0,V - )] (6)

Here, the total nucleon number density p = p,, + p, and
kinetic energy density 7 = 7,47, and the spin-orbit den-
sity J= J_;L + J;. The subscripts n and p refer to neutron
and proton, respectively, and m is the nucleon mass. The
j;:(); g=n or p for spin-saturated nuclei, i.e., for nuclei
with major oscillator shells completely filled. At least
eighty-seven parametrizations of the Skyrme interaction
are published since 1972 [36] where by = b, = Wy, but
we have used here the Skyrme SkI4 set with by # b}
[37]. This parameter set is designed for considerations
of proper spin-orbit interaction in finite nuclei, related
to the isotope shifts in Pb region. Several more recent
Skyrme parameters such as SLy1-10, SkX, SkI5 and SkI6
are obtained by fitting the Hartree-Fock (HF') results
with experimental data for nuclei starting from stability
to neutron and proton drip-lines [34, 37-39]. However,
for a stable nucleus like 5Ni, SkI4 should be enough to
illustrate our result. The pairing effects are added here
within the standard BCS formalism, with the §-force [40].
The total binding energy of a nucleus is the integral of
the density functional H.



B. The Relativistic Mean Field (RMF) Method:

The relativistic mean field approach is well-known and
the theory is well documented [28, 41-47]. Here we start
with the relativistic Lagrangian density for a nucleon-
meson many-body system, as

— 1 1
L = ¢i{i7”8u — M}y + §au08ug - 5m30'2

1 1 — 1
—39203 - 19304 — gs¥ithio — ZQWQW
1 1 —
+§m%uV“Vu + 103(VMV“)2 = Jui iV
1= = 1 S — 5,
— 15" By + imiR“.Ru — 9oty i R¥
1 — 1— 73
_ZFWFW - ezﬁﬂ”%%x‘lu- (7)

All the quantities have their usual well known meanings.
From the relativistic Lagrangian we obtain the field equa-
tions for the nucleons and mesons. These equations are
solved by expanding the upper and lower components
of the Dirac spinors and the boson fields in an axially
deformed harmonic oscillator basis with an initial defor-
mation. The set of coupled equations is solved numeri-
cally by a self-consistent iteration method. The baryon
(vector), scalar, isovector and proton densities are, re-
spectively, as

p(r) = Y el (r)ea(r), (8)
ps(r) = D@l (r)Bpa(r), (9)

ps(r) = D b (r)msea(r), (10)

) = Seho) (52 ) pat). (a1

The centre-of-mass motion energy correction is es-
timated by the usual harmonic oscillator formula
Eem. = 2(41A71/%).  The quadrupole deformation
parameter [, is evaluated from the resulting proton
and neutron quadrupole moments, as Q = @, +
Qp = /167/5(3/4mAR?B;) [42, 43]. The root mean
square (rms) matter radius is defined as < r2, >=
L [ p(ro,2z)r*dr; here A=mass number, and p(r,z) is
the deformed density [43]. The total binding energy and
other observables are also obtained by using the standard
relations, given in [42]. We use here the well known NL3
parameter set [48]. The NL3 set not only reproduces
the properties of stable nuclei but also well predict for
those far from the S—stability valley. Also, the isoscalar
monopole energy agrees excellently with the experimen-
tal values for different regions of the Periodic Table. The
measured superdeformed minimum in *4Hg is 6.02 MeV

above the ground [49] whereas in RMF calculation with
NL3 set this number is 5.99 MeV [48]. All these facts
give us confidence to use this older, though very much
still in use, NL3 set for the present investigation.

As outputs, we obtain different potentials, densities,
single-particle energy levels, radii, deformations and the
binding energies. For a given nucleus, the maximum
binding energy corresponds to the ground state and other
solutions are obtained as various excited intrinsic states.
For studying the clustering aspects and subsequently the
decay mode of various resonance states, the densities and
quadrupole deformations are very important. The pro-
ton, neutron and matter densities are obtained in the
positive quadrant of the plane parallel to the symmetry
axis. As we choose z-axis as the symmetry axis, the den-
sities are evaluated in the zp plane, where z = y = p.
As the space reflection symmetry about z-axis, as well
as p axes, is conserved in our formalism, the results ob-
tained in the positive quadrant are suitably reflected in
other quadrants so as to have a complete picture in the zp
plane. Such unbroken symmetries of our numerical pro-
cedure leads to several limitations, which are discussed
in our earlier work [22].

III. CALCULATIONS AND RESULTS

First of all, we have calculated the potential energy
surface (PES) for °°Ni, using the Skyrme Hartree-Fock
(SHF) method with SkI4 parameter set [36]. Since all the
local minima, including the ground state configuration,
exist in a multi-deformed space, we take into account the
effects of quadrupole, octopole and hexadecapole defor-
mations in both the SHF and RMF calculations. The
calculated PES for SHF is shown in Fig. 1 for a wide
range of oblate to prolate deformations. We notice from
this figure that minima appear at 8> ~ —0.6, 0.0, 0.4 and
1.8. Considering these minima as the precurcers for the
ground and intrinsic excited isomaric states, we looked
for different solutions in different regions of the PES,
using both the RMF and SHF formalisms. The differ-
ent solutions found at various quadrupole deformations
B2 with different intrinsic binding energies B.E., as well
as the matter radii r,, are listed in Table I. The pair-
ing correlations could be ignored here, since 55Ni, with
N=Z=28, is a double magic nucleus. However, we found
the role of pairing when we performed our SHF and RMF
calculations with and without pairing taken into account
(see Table I). Interestingly, in the RMF model calcula-
tions, the intrinsic minima, except the spherical ground
state, are washed-out with the BCS constant-gap pairing
switched-on. The small barriers (or shallow minima) at
B2 =-0.598, 0.403 and 1.828 become smooth by adding
pairing interactions in the RMF calculations. In the SHF
calculations, however, only the oblate solution disappears
with pairing included. This means that the results of
RMF calculations are very sensitive to pairing and are al-
most insensitive for the SHF model. On the other hand,
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FIG. 1: The potential energy surface for °® Ni using SkI4 force
in SHF method.

TABLE I: Calculated binding energies (B.E.), deformation
parameters (32) and matter distribution radii (r,,) for %°Ni,
using RMF (NL3 parameter set) and SHF (SkI4 set). The
binding energy is in MeV and the radius 7, is in fm.

B.E.(MeV) B2 Tm
SHF
without pairing  462.292 -0.598 3.967
483.826 0.000 3.639
478.683 0.403 3.769
448.968 1.828 4.697
437.184 2.846 5.423
400.776 5.748 7.225
with pairing 483.711 0.001 3.639
478.812 0.404 3.768
437.304 2.810 5.401
415.124 4.874 6.730
412.056 8.882 8.777
RMF
without pairing  461.218 -0.583 3.918
482.562 0.000 3.601
475.803 0.405 3.760
435.749 2.453 5.145
with pairing 482.865 -0.000 3.698

comparing the SHF and RMF results of Table 1 in the ab-
sence of pairing, we notice that both the models predict
similar solutions (equivalent quadrupole deformation pa-
rameters at almost the same excitation energies). Also,
knowing that pairing makes an important contribution
only for open shell nuclei, and it could be ignored for a
doubly closed shell nucleus like °Ni, we should analyze
our results for the case of pairing not taken in to account.
In other words, in order to get a comparable analysis of
the two formalisms for clustering effects, in the following
we proceed further without taking the pairing effects into
account.

In Fig. 2, the density distribution for the total (pro-
ton+neutron) matter is depicted for the various outputs
obtained in SHF calculations. Looking at the colour
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FIG. 2: (Color on line) The total (neutron+proton) den-
sity distribution for various solutions of ®Ni using Sk14 force
parameters in SHF formalism. The asymmetry parameter
a = (pn — pp)/(pn + pp) is also shown. The contours are
drawn in a square box of size 20 fm.

code, it is evident from this figure that the central part
has the largest density distribution (~0.1, with red in
colour), with a maximum of three distinct clusters for
the hyper-deformed, 55=1.828 solution, which looks very
similar to the '90-'0-'6O configuration predicted by
the Bloch-Brink a-cluster model for the hyper-deformed
state of 55Ni [26]. Interestingly, the superdeformed oblate
solution is divided into two major clusters with a neck in
the middle, and the spherical ground-state solution has a
low density distribution of nucleons at the centre followed
by a highly dense coating. Similar to superdeformed
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FIG. 3: (Color on line) The same as for Fig.2, but for higher
deformations, including the hyper-hyperdeformed fissioning
stage. The contours are drawn in a square box of size 20 fm.

oblate solution, the prolate deformed solution (82=0.40)
also has a dense two cluster configuration at the middle,
surrounded by a lesser dense medium. Note that the su-
perdeformed oblate solution (so also for RMF in Fig. 4)
would correspond to the well known resonance observed
for the 28Si+28Si reaction [14, 15], in agreement with the
prediction of an oblate-oblate superdeformed configura-
tion in molecular model of Uegaki and Abe [50].

In order to see the neutron-proton ratio of the den-
sity distribution, we defined an asymmetry parameter
a = (pn — pp)/(pn + pp) which is depicted on the right
side of Fig. 2. Here, p, and p, are the neutron and
proton density distributions, respectively. Apparently,
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FIG. 4: (Color on line) The total (neutron+proton) density
distribution and the asymmetry parameter « for various so-
lutions of *®Ni using NL3 force parameters in RMF calcu-
lations. The contours are drawn in a square box of size 20
fm.

|a|=1 means only one type of nucleons (protons or neu-
trons), and |a|=0 represents the N=Z, (a-nucleus type)
symmetric nuclear matter. The intermediate values of
a between 0 and 1 give the asymmetric matter. From
the analysis of the asymmetry parameter o on the r.h.s.
of Fig. 2, we find that one type of nucleons on the sur-
face (mostly protons, since a ~-1 in the surface region)
surround the N=Z7 symmetric nuclear matter in the bulk
central region. The nucleons seem to be distributed as a
layer after layer on top of each other. In other words, in
all the 4 solutions, the central part contains a pure N=27



symmetric nuclear matter, followed by a slightly asym-
metric nucleon layer which goes on increasing such that
at the surface only a thick layer of pure nucleons (protons
or neutrons) appears. Thus, the one, two or three clus-
ter structures, respectively, of spherical, deformed or su-
perdeformed (prolate/ oblate) or hyper-deformed shapes
are all of pure N=Z, a-nucleus type matter.

Fig. 3 shows the matter density and asymmetry pa-
rameter calculations for higher deformations, leading to-
wards a hyper-hyperdeformed fission configuration. In-
terestingly, at S2=2.81, the matter spreads into a multi-
ple a-nucleus cluster system, a result in complete agree-
ment with the early experiments [1, 2], old calculations
based on dynamical fragmentation theory [4-6], and even
the new experiments [8, 9] and their theoretical under-
standing in terms of the dynamical cluster-decay model
[12], mentioned above in the Introduction. As the de-
formation increases, at 5o=4.87 the multi-cluster struc-
ture culminates back into two big clusters, separated by
a narrow neck. The two clusters then go on separat-
ing from each other and get completely separated in to
two major binary products at 8, = 8.88 with no emis-
sion of a smaller product. If one examines the asym-
metry parameter contour plots for the subsequent de-
formations, the N=7 matter appears at the centre for
Bo =2.81 and (2=4.87. This N=Z symmetric nuclear
matter is surrounded by more asymmetric layers which
get elongated gradually with the increase of deformation,
and finally separated into two fragments without predict-
ing any ternary fission, contradicting the (unpublished)
experimental observation [17]. In addition to the main
binary products, however, a highly neutron/proton-rich
matter clearly exists in the fission state.

In Fig. 4, Lh.s., we have shown the matter density
contour plots for the RMF solutions obtained with NL3
parameter set at various excitation energies. Similar to
the case of SHF, the RMF calculations also give the four
solutions of smaller deformations with highly dense clus-
ters visible in the central region. In the superdeformed
oblate case, two highly dense clusters appear, whereas
for the spherical ground state solution, like for SHF,
the centre is a thin layer of nucleons sourrounded by a
higher density thick layer. The density distribution for
B2=0.405 also show two distinct clusters surrounded by
a thin layer of nucleons. The cluster formation gets more
and more pronounded with the increase of deformation,
giving six distinctly visible clusters for $»=2.453. The
density distribution in this case is very elongated, with a

clear multi-fragmentation or multiple-clusterization, like
in SHF for #3=2.81. The asymmetry parameter a plots
on the r.h.s. of Fig. 4 clearly show an N=Z7 matter at the
centre, surrounded by a slight asymmetric matter, for the
three f2=-0.583, 0.0 and 0.405 solutions. On the other
hand, for the hyper-deformed $>=2.453 case, the central
part deviates slightly from the symmetric nuclear mat-
ter property, i.e., the middle portion has an asymmetric
nuclear matter, surrounded by several layers of nucleons.
The surface in each of the solutions is enriched by one
type of nucleon matter. The RMF calculations, how-
ever, did not give the fission-like configuration at a still
higher deformation, like the same could not be obtained
in SHF calculation for super-superheavy compound nu-
cleus 476184 [33]. Apparently, both the SHF and RMF
calculations support the multiple a-nucleus (not neces-
sarily a-particle) cluster structure of 56Ni, like the pref-
erential a-nucleus decay observed in many experiments
[1-3, 8, 9, 14, 15], and leads to symmetric fission or two
cluster configuration, instead of ternary fission, in the
final state of hyper-hyperdeformation.

IV. SUMMARY

In summary, we have studied the clustering phenom-
ena in °°Ni nucleus at various intrinsic isomeric states,
where some of them are the molecular resonance states.
The clustering phenomena is clearly visible in both the
RMF and SHF formalisms, although the two approaches
are very different from the alpha-cluster model [25-27]
or other methods such as Fermionic molecular dynam-
ics (FMD) [51] and antisymmetrized molecular dynamics
(AMD) [20] whose results are very encouraging for N=27
exotic nuclei. While analyzing the matter density dis-
tributions of various intrinsic states, we found multiple
a-nucleus like cluster structures in *®Ni, without adding
any explicit a-cluster correlations from outside. Both
the models, however, failed to give the ternary fission
at the hyper-hyperdeformed fissioning configuration, con-
trary to the recent experimental possibilities. However,
the multiple a-nucleus clusterization is in agreement with
many earlier experiments. There is still some scope in the
present models to take into account the parity reflection
symmetry and correlations beyond the mean field, which
may be a greater limitation at present.
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