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Abstract. We present an analysis of effective operators in the shell model with up
to three-body interactions in the Hamiltonian and two-body terms in electromagnetic
transition operators when the nucleons are either neutrons or protons occupying a
single-j orbital. We first show that evidence for an effective three-body interaction
exists in the NV = 50 isotones and in the lead isotopes but that the separate components
of such interaction are difficult to obtain empirically. We then determine higher-
order terms on more microscopic grounds. The starting point is a realistic two-body
interaction in a large shell-model space together with a standard one-body transition
operator, which, after restriction to the dominant orbital and with use of stationary
perturbation theory, are transformed into effective versions with higher-order terms.
An application is presented for the lead isotopes with neutrons in the 1gg,o orbital.

1. Introduction

Three-body forces have become an accepted feature of the nuclear shell model [1].
They can be either real, arising because of the composite nature of the nucleon, or
effective, induced by a renormalization to a given truncated model space. There is now
considerable evidence for the existence of real three-body interactions in light nuclei [2]
(see also the review [3]). Effective three-body interactions, on the other hand, are
expected to occur in heavier nuclei since for such systems the effect of orbitals that are
excluded because of model-space limitations can be important. If effective three-body
interactions are included in the Hamiltonian, a consistent treatment requires effective
higher-order corrections to other operators as well [4]. For electromagnetic transitions
the usual approach is to introduce effective g factors or effective charges in the one-body
operator (see, e.g. [5, 6]). However, one may question the use of a single effective g factor
or effective charge, which can be state dependent. State-dependent renormalization can,
in principle, be described by an effective two-body electromagnetic-transition operator
but this is rarely done in shell-model calculations. (An exception is the two-body M1
operator of Ref. [7].)
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In this paper we report on a study of effective Hamiltonians with up to three-
body interactions and effective electromagnetic transition operators with up to two-
body terms. For simplicity we limit ourselves to the manifestation of such higher-order
corrections in nuclei with one kind of valence nucleon, and study the 7" = 3/2 three-body
component of the nuclear interaction on top of its usual 7' = 1 two-body component.
Therefore, our attention is focused on semi-magic nuclei with only nucleons of one
kind, neutrons or protons, in the valence shell. The approach is further simplified by
considering nuclei where the valence nucleons are dominantly in a single-j orbital.

While these are extreme simplifications of more realistic situations, this approach
presents certain advantages. First of all, the shell-model calculations in the full space
can be carried out for some of the nuclei that we consider here, thus enabling to
check whether an expansion to a given order yields satisfactory results. Also, given
the simplifying assumptions made, the perturbation method of Bloch and Horowitz [§]
can be pushed to third order in the Hamiltonian and second order in the transition
operators without an unwieldy proliferation of diagrams. Finally, for a single-j orbital
the energy matrices are known analytically in terms of the interaction matrix elements,
and calculations are easily carried out. In fact, it would be relatively straightforward to
extend the current approach to test the performance of effective four-body interactions.

An early application of the shell model was the description of Ca isotopes (Z = 20)
and N = 28 isotones with a two-body Hamiltonian in the 0f7,, orbital [9, 10]. To
improve results for binding energies and spectra, several authors considered, already
many years ago, the inclusion of three-body interactions [11, 12]. In view of the current
interest in three-body forces, the issue was revisited more recently by Volya [13], who
studied the same semi-magic nuclei with a two-plus-three-body Hamiltonian. It was later
shown [14] that the extracted three-body component can to some extent be understood
as the result of excluded higher-lying orbitals, in particular 1ps/,. It the purpose of
this paper (i) to present an application in the same spirit but to different nuclei, (ii) to
extend perturbation theory for the effective two-plus-three-body Hamiltonian to third
order, and (iii) to determine the effective one-plus-two-body transition operators to
second order.

This paper is organized as follows. In Sect. 2 we define the Hamiltonian appropriate
for identical nucleons in a single-j orbital. An effective single-; Hamiltonian with up
to three-body interactions is derived in Sect. 3 and electromagnetic transition operators
with up to two-body terms are derived in Sect. 4. With the recurrence relations for
scalar and non-scalar k-body operators, as given in Sect. 5, we are then in a position to
obtain all results, analytical if needed, in the context of a single-j orbital. In Sect. 6 we
present the results of two applications, namely to the N = 50 isotones with protons in
0go/2 and to the lead isotopes (Z = 82) with neutrons in 1gg/o. Finally, in Sect. 7 the
conclusions of this study are summarized.
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2. The single-j Hamiltonian

We use a rotationally invariant Hamiltonian with up to three-body interactions, acting
between identical nucleons in a single-j orbital. Following the notation of Volya [13] we
write the Hamiltonian as

H = Hy+Vy+ Vi, (1)
with
+3
Hy = ¢ejn; = ¢ Z a;ma]m,
m=—j
+J
Vo= >V, > Tim Lin
J even M=—J
+J
o ~(3)t (3
Vi=2 0 Wi > TolTa (2)
J  ad M=—J

where 7; is the nucleon-number operator. The operator a}m

a nucleon in the orbital j with projection m; To(f,)]\TJ and T C(Z})M are the generalization to

(a,,,) creates (annihilates)

operators that create and annihilate a normalized n-nucleon state with total angular
momentum J and projection M. The notation « represents any additional label
necessary to characterize fully the n-body state |j"aJJM). The single-particle energy e;
and the interactions

Vi = (GPIM|Va|2 M), W, = (PaI M|Vl M), (3)

completely determine the Hamiltonian (1) in a single-j orbital. In the two-body matrix
elements no additional label « is needed and J must be even. In the three-body matrix
elements additional labels are needed for certain values of J if j > 9/2 [15, 16].
Following Refs. [11, 12, 13] one can treat ¢;, V; and W as parameters to be fitted
to the available binding energies of ground and excited states of semi-magic nuclei.
Alternatively, one considers them as the matrix elements of an effective interaction,
which arises due to truncation effects from a larger shell-model space to a single-j
orbital. Expressions relevant to the latter approach are given in the next section.

3. Effective two- and three-body interactions

We consider a system of identical nucleons (neutrons or protons) in a valence shell
containing several orbitals j, ji, ja,...with single-nucleon energies €;, €;,, €j,,... The
nucleons interact through a two-body force V, and transitions of multipolarity A between
states are induced by one-body operators T 1@). We assume that the orbital j is well
below the others, €; < €;, < €, < ---. An equivalent problem arises for a system of
orbitals j, ji, j2,...with single-nucleon energies €; > ¢€;, > €, > ---, which can be
reformulated in terms of holes. All formulas given below apply to this case as well after
the substitution € — —e.
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The aim is to replace operators O defined for the entire shell-model space
{j,j1. 2. ...}, by effective operators O that act in the single orbital J- This can
be achieved most Slmply by considering, in the total Hamiltonian H=H + VQ, the
two-body interaction Vs as a perturbation on the single-nucleon Hamiltonian H,, and
by applying the perturbation method of Bloch and Horowitz [8]. For the definition of
an effective interaction that contains up to and including three-body components, it is
necessary to consider the perturbation due to Vs of one-, two- and three-nucleon states.

In the approximation outlined above, a state |j), with one nucleon in the orbital j
and all others empty, cannot be perturbed by V4 since (j|Va|j,) = 0. The energy of this
single-nucleon state is therefore

EV(j) = ¢, (4)

to all orders of perturbation theory and its perturbed wave function |j) is the
unperturbed wave function |j). Two-nucleon states have zeroth-order energies

EO(2]) = 2¢, (5)
and a first-order contribution of V5, which is its expectation value in the state |72.J),
EW(j2]) = (P IValf*T) = V. (6)
Similarly, three-nucleon states have zeroth-order energies
EO(Pat) = 3¢, (7)
and a first-order contribution of V5, which is its expectation value in the state |73y,
EW(jPal) = (FPad|Valj*ad) =3 () Vi, (8)
R
where czZ;}R = [j" Y (a,_1R)jJ|}j ", J] is an n — n — 1 coefficient of fractional

parentage [15, 16]. The expressions for £ (j2.J) and E™(j3a.J) in second (n = 2)
and third (n = 3) order are given in Appendix A and Appendix B, respectively.
Up to order n of perturbation theory, an effective Hamiltonian with up to three-
body interactions,
HE = H{%p + Vaid + Vo, (9)
can be constructed from
GlH L) = ) =

I 2T =S EO ),
1=0

(FPad|HE oty =3 EO(Pa), (10)

where the first, second, and third equation defines the 1-body, (1 + 2)-body, and
(1 + 2+ 3)-body part of the effective Hamiltonian, respectively. The one-body part of
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Second—order two—body Third—order two—body

(@ (b) () (b) (© (d) ©

Figure 1. Second- and third-order contributions to the effective two-body interaction
Vgeff. The black unlabeled lines correspond to particles in the orbital j. Particle
excitations into the orbitals jg, 7ji,...are indicated in red and labeled with the
corresponding indices k, [,. ..

the effective Hamiltonian is H et = €1 to all orders. The effective two-body interaction
to order n is specified by the matrix elements

(FPIVRR12T) =3 EO(j2). (11)
=1

The effective three-body interaction to order n can be calculated from the third equation
in Eq. (9). The contribution from the effective two-body interaction must be subtracted,
leading to the following expression for the matrix elements of the effective three-body
interaction:

(Pad [Vagliad) = 3T EO(Pad) =33 (ef, PEVGPR). (12)
=1 i=1 R

Care must be taken to compute both sums in this equation to the same order in
perturbation theory. Because of Egs. (6) and (8), this immediately shows that no
three-body interaction occurs in first-order perturbation, n = 1. This is no longer the
case for n > 1, as shown in Appendix A and Appendix B.

The different contributions to the effective Hamiltonian can be visualized with
diagrams [8]. In view of the assumption ¢; < €, <¢;, < ---, only particle excitations
can occur and this considerably simplifies the enumeration of the diagrams. Still, a
significant number of them survives, as shown in Figs. 1 and 2. In second order,
two processes contribute to the effective two-body interaction Vaet While only a single
one is important for the effective three-body interaction Vgeﬁc since the contribution of
diagram (b) will be cancelled by that of the effective two-body interaction. This is a
diagrammatic proof that, up to second order, Vseit does not contain any contribution
from the |jxj;(L)jJ) configurations [14]. In third order, the diagrams proliferate and,
with the exception of diagram (c) of the effective three-body interaction Vaett, they all
contribute.
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Second—order three—body Third—order three—body
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Figure 2. Same caption as Fig. 1 for the effective three-body interaction Vseg.

4. Effective one- and two-body transition operators

The same procedure can be followed to determine effective transition operators up two-
body terms, starting from a one-body transition operator T;. The one-body part of the
effective operator follows from the identity

GlITield) = GIT) = GITll), (13)
which holds since the two-body interaction Vs does not perturb the single-nucleon state
|7). We conclude that the one-body part of the effective operator coincides with the
bare operator. This is not a general result from perturbation theory but specific to
the zeroth-order approximation of one nucleon in the orbital 7 and completely empty
orbitals j1, jo,. ..

Up to order n of perturbation theory, an effective operator with up to two-body
terms,

To' = Tiea + ol (14)
is obtained from the identity
GPHITS N2 R) = OGN0, (15)

where on the right-hand side wave functions to nth order in perturbation theory are
used. The two-body part of the effective operator is therefore

G2 ISl ) = PINTE 52 R) = G2l Tl
= OGRI|T 2R = G2ET52 ). (16)

Explicit expressions up to second order are given in Appendix C.
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5. Recurrence relations

The matrix elements of a scalar k-body interaction Vi, between two states belonging to
the 5" configuration of n nucleons in the j orbital can be calculated from the recurrence
relation [15, 16, 17, 18]

("o [Vl e

(0] Qap J n— - ‘n—
Z le:v:]; no/} 1a1J1|Vk‘.] 10/1‘]1>' (17)

oaloclJl

k

This process is continued until matrix elements of Vi, between states of the g*
configuration are reached. At that point the matrix elements (3) are inserted on the
right-hand side of the recurrence relation, or their expressions in terms of the matrix
elements of a larger shell-model space. Likewise, the matrix elements of a non-scalar
k-body operator T k(\), where A is its tensor character, can be obtained from

)R AL e

Grad| TN "' ') =

k

orJia J|
JioJ AN, A e
x {J, ! j}<y Ly LT 57t ), (18)
with [x] = 2z + 1, and this process can be applied up to the matrix elements
(7 o | Te(N) ]Il J7).

6. Applications

6.1. Empirical fits

We first ask the question whether there exists any evidence for the presence of three-
body forces in the context of a single-orbital calculation. This question can be answered
by considering either the Hamiltonian H,+V, or the Hamiltonian H,+ Vs +V},, adjusting
the interaction matrix elements (3) to the available data, and comparing the relative
merits of both calculations. Theoretical spectra are obtained after minimizing, with
respect to V; and W, the quantity

1 [BEey (k) — BEw(k)]?

= 1
X N — N, - 02, (k) + o2 ’ (19)

where ‘BE’ stands for binding energy, either experimental or calculated, and where
the sum runs over all data points, which are N in number, and N, is the number of
parameters. Furthermore, oe,,(k) is the experimental uncertainty on the k™ energy.
This uncertainty, predominantly due to that on the binding energies, is in most cases of
the order of a few keV and therefore well below the root-mean-square deviation defined
as

o= \/ % > " [BEexp(k) — BEw (k). (20)
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0.2- BE(fit)-BE(Exp) N =50 -

—02 ATh, —
- mThys 1

_ I N S I SO R B
04 Nb Mo Tc Ru Rh Pd Ag Cd Sn

Energy MeV)
o
o

Figure 3. The difference between calculated and experimental ground-state binding
energies of N = 50 isotones. The theoretical values are calculated with two-body
interactions (Ths) or with two- and three-body interactions (Thays), with the x-
minimum parameters of Table 1.

We include therefore in Eq. (19) the deviation o, which can be viewed as an additional
‘theoretical uncertainty’ on the energy.

6.1.1. The N = 50 isotones A good test case is provided by the N = 50 isotones
with Z ranging from 40 (zirconium) to 50 (tin) when the protons are dominantly in the
0gg/2 orbital. A total of 45 energies are known experimentally. The ground-state binding
energies are taken from Ref. [19] and the excitation energies from NNDC [20], with some
additional information from Refs. [21, 22]. Two fits are carried out, one with two-body
interactions (Ths) and another one with two-plus-three-body interactions (Tha,3). In
the former case there are five matrix elements V; with J = 0, 2, 4, 6 and 8. In the
Thyy3 calculation this set is augmented with the three-body matrix elements W; , with
J=3/2,5/2,7/2,9/2,11/2, 13/2, 15/2, 17/2 and 21/2. States are unique for J # 9/2
and no additional label « is needed. For J = 9/2 there are two independent states in the
|73a.J) configuration, and therefore two diagonal matrix elements and an off-diagonal
one. In following we only consider the diagonal matrix elements, W;__, which we denote
as W;,, and neglect the off-diagonal matrix element W; ,. As absolute energies are
calculated, the single-particle energy €g/, must be considered as an additional parameter
in both fits.

The results concerning the binding energies are shown in Fig. 3 and energy spectra
are plotted in Fig. 4, which contains most of the levels included in the fits. In each case
we display the results of the two fits, Thy and Thy 3. One observes from Fig. 3 that
the addition of a three-body interaction does not notably improve the quality of the fit.
Comments about the energy spectra will be made at the end of Subsect. 6.1.2.

The interaction matrix elements resulting from the two fits are shown in the two
columns labeled ‘x minimum’ of Table 1. Although the number of parameters increases
from six to sixteen between the two fits Thy and Thy, 3, the value of y at the minimum
is smaller by about 30 % in the latter calculation. This indicates that the three-body
interaction meaningfully improves the results. The value of ¢ is about the same in the
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Figure 4. Excitation spectra of the even-mass and odd-mass N = 50 isotones.

Experimental energies (Exp) are compared to those calculated with two-body
interactions (Thg) or with two- and three-body interactions (Thays), with the x-
minimum parameters of Table 1.

two calculations because of a single large deviation in Thyy3 for '°°Sn (see Fig. 3). As
the uncertainty on the binding energy of this nucleus is large (300 keV) [19] this has not
much impact on the value of x but it does increase o significantly.

Table 1 also lists the uncertainties on the different matrix elements. They are
obtained from the diagonalization of the covariance matrix, leading to uncorrelated
parameters and their associated uncertainties, from which those on the initial parameters
can be computed. The uncertainties thus obtained must be considered as an extreme
lower limit on the actual uncertainties on the fitted matrix elements because they do not
include effects from the variation of the input data. The latter effects are illustrated in
the fits labeled ‘o minimum’ and ‘y’ minimum’ in Table 1. In the former fit experimental
uncertainties are ignored and the minimized quantity is the root-mean-square deviation
o in Eq. (20). As the uncertainties on the binding energies of ?"Ag, %Cd and '°Sn are
rather large [19], the ‘y-minimum’ fit gives therefore less weight to the data concerning
the proton-rich isotopes. It is seen that, while the Thy results are stable against this
change, the Thy, 3 results are not, and in particular the three-body matrix elements
fluctuate wildly. Likewise, in the fit labeled ‘Y’ minimum’ in Table 1 a single level is
added to the input data, namely a second 67 level *Ru, for which there exists some
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Table 1. Two- and three-body matrix elements (in keV) and the x and o deviations
of Egs. (19) and (20) for the various fits to the N = 50 isotones described in the text.

X minimum 0 minimum X' minimum
Th, Thys Thy Thoys Thy Thoys
€92 —5251 —5204 (1) —5249 —5227 —5255 —5209
Vo —2011 —2174 (3) —2002 —2157 —2000 —2158
Vs —548  —659 (3) —-550 =637 —564  —682
Vi 189 108 (2) 188 149 197 124
Ve 407 399 (2) 405 432 414 416
Vs 232 528 (2) 933 537 931 523
Wsjo — 256 (63) — 397 — 293
Ws /o — =54 (16) — —46 — —94
W22 — 53 (6) — 42 — 43
Wy 2, — 47 (1) — 37 — 43
Woa, —  —112 (57) — =256 — =125
Wiija — 35 (8) — 33 — 58
Wisa — 46 (2) — 32 — 70
Wis)2 — 55 (18) — 92 — 95
Wiz/a — —43 (5) — —62 — —81
Wai/2 — —12 (4) — —-17 — -1
X 0.946 0.671 0.954 1.039 0.987  0.885
o 63 62 63 46 78 70
“Dimensionless.

evidence [21]. Again one observes stability of the Thy and fluctuations of the Thy,s
matrix elements.

6.1.2. The lead isotopes A similar application is possible for the Pb isotopes, where
the protons form a closed shell and the neutrons are predominantly in the 1gg/; orbital.
Less data are available as compared to the case of the N = 50 isotones, and in
particular measured quantities are lacking for the most neutron-rich Pb isotopes. The
ground-state binding energies are taken from Ref. [19] and the excitation energies from
Refs. [20, 23]. To extend the fit over the entire range of isotopes from 2*Pb to '*Pb, we
use extrapolated atomic masses for 21621728Ph together with their associated (rather
large) estimated uncertainties [19]. The angular momentum of the single-particle orbital
is j = 9/2 as in the case of the N = 50 isotones and therefore the same set of two- and
three-body matrix elements is adjusted to the data.

The results concerning the binding energies are shown in Fig. 5 and energy spectra
are plotted in Fig. 6, which contains most of the levels included in the fits. In each case
we display the results of the two fits, Thy and Ths,3. Again one observes from Fig. 5
that the addition of a three-body interaction does not notably improve the quality of
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Figure 5. The difference between calculated and experimental ground-state binding

energies of Pb isotopes.

The theoretical values are calculated with two-body
interactions (Thy) or with two- and three-body interactions (Thays), with the x-
minimum parameters of Table 2.
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Figure 6. Excitation spectra of the the even-mass and odd-mass Pb isotones.

Experimental energies (Exp) are compared to those calculated with two-body

interactions (Thy) or with two- and three-body interactions (Thoys), with the x-

minimum parameters of Table 2.
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Table 2. Two- and three-body matrix elements (in keV) and the x and o deviations
of Egs. (19) and (20) for the various fits to the Pb isotopes described in the text.

X minimum 0 minimum X' minimum
Th Thays Thy Thays Thy Thays
cop  —3944 —3954 (1)  —3944 —3961  —3952 —3964
VP 1266 —1203 (2)  —1296 —1176 ~ —1249 —1177
v —450  —398 (1) —463  —381 —445  —407
v 117 =109 (1) -123 81 —150  —119
v®  —a —19(1) —29 -5 ~19 -3
v 56 55 (1) 62 44 61 66
Wi)o — 0 (14) —  —46 219
Wis/a —  —75(2) — 104 —42
W2 — 4T (1) =46 5
W2, — =29 (1) — 42 —34
W2, —  —83(4) — 17 —50
Wi/ — 88 (2) — 60 —99
Wis /2 — =31 (1) — =31 — 5
Wis/a — 73 (1) — 64 42
Wiz /2 —  —17(2) — -5 5
Wai / — —2 (1) — 36 —4
X* 0629 0.371 0.769  0.897 0.656  0.578
o 60 29 53 21 59 35
?Dimensionless.

the fit.

In addition, Table 2 lists the interaction matrix elements obtained in three different
fits. Two of them, labeled ‘y minimum’ and ‘c minimum’, adjust the parameters by
minimizing x and o of Eqgs. (19) and (20), respectively. In the isotope *"'Pb two 11/2*
levels occur at 643 and 894 keV, respectively, and it is not a prior: clear which level
belongs to the (1gg /2)3 configuration and which is the 0i;,/, single-particle state. In the
x-minimum fit we assume 11/25 is the single-particle state while in the y’-minimum fit
we identify it with 11/2]. The conclusions to be drawn from these results are consistent
with those obtained from the analysis of the N = 50 isotones: stability of the Thy
matrix elements and large fluctuations of those in the Thy, 3 fit.

It should be stressed that, in spite of the difficulties in determining the strengths
of the components of the three-body interaction, there is unmistakable evidence for its
presence. The spectra of even-even nuclei shown in Figs. 4 and 6 most clearly illustrate
this evidence. Both in the N = 50 isotones and in the Pb isotopes one observes a
clear variation of the experimental spectra with mass number A: In the former case the
spectrum compresses with A while in the latter case it expands. This trend cannot
be reproduced with a two-body interaction alone since, as a result of the particle-
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hole symmetry of the two-body interaction, the particle-hole conjugated spectra in the
Thy calculation are the same. Therefore, the spectra of the pairs “>Mo-2Cd, *Ru-
9%Pd and the pairs 21Pb-216Pb, 212Pb-214Ph are identical in Th,. It is obvious that
experimentally they are not and that the observed trend can be reproduced with a
three-body interaction. However, for the N = 50 isotones and for the Pb isotopes at
least, the available spectroscopic data are insufficient to determine reliably the separate
components of the three-body interaction.

6.2. Effective operators in a single-j orbital

From the previous subsection we conclude that the three-body component of the
nuclear interaction is difficult to obtain reliably from an empirical fit. Also, if a three-
body interaction is considered in the Hamiltonian, a consistent approach requires the
consideration of two-body terms in transition operators—even less obtainable from data.
Therefore some microscopic input is needed.

We take as starting point a realistic two-body interaction in a large shell-model
space together with appropriate single-particle energies. For the N = 50 isotones
we consider protons in the orbitals 0fs/s, 1ps/2, 1pi2 and Ogg/e, interacting via the
T = 1 force from Lisetskiy et al. [24]. For the Pb isotopes we consider neutrons in the
orbitals 0711/2, 1992, 1g7/2, 2d5/2, 2d3/2, 351/2 and 0j15/2, together with the Kuo-Herling
interaction [25, 26].

Before anything else, it is necessary to check whether the single-j orbital, 0gg /o for
the protons in the N = 50 isotones and 1gg/» for the neutrons in the Pb isotopes, is
sufficiently isolated from the other orbitals in the respective shell-model spaces for the
perturbation approximation to be valid. This can be achieved by comparing the results
of a full shell-model calculation with those obtained with an effective interaction in a
single-j orbital. This comparison is made in Table 3 for nuclei with two and three valence
proton holes in 0gg/2, and two and three valence neutron particles in 1gg/5. The second
and third columns list the binding energies obtained in a single-j orbital with an effective
two-body interaction calculated up to first and second order, respectively. The fourth
column adds to this the contribution of the effective three-body interaction, calculated
up to second order. The fifth and sixth columns give the result of the calculation up
to third order without and with an effective three-body interaction, respectively. The
seventh column, labeled ‘SM’, lists the binding energies obtained in the full shell-model
space. In all cases binding energies are given relative to the appropriate core, either
1008y or 208Pb.

A few comments about Table 3 are in order. Convergence towards the shell-model
results is obtained to within a few tens of keV and perturbation theory up to second
order usually suffices. The third-order correction to the effective two-body interaction is
significant only for the pairing matrix element, which shows up in the 0" binding energy
in ¥Cd and #°Pb and that of the 9/2] state in “"Ag and 2''Pb. The contribution
of the three-body interaction is seen to be small. It is obviously the case that the
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Table 3. Binding energies of levels in **Cd and 7 Ag, relative to °°Sn, and of levels
in 219Pb and 2''Pb, relative to 2°8Pb, calculated with various effective interactions in
a single-j orbital and compared with the full shell-model results (SM).

Energy (MeV)
Nucews — J°  Vog Vot Vaiw Vo Vigly  SM
BCd 0t —4.532 —-3.615 —-3.615 —-3.776 —-3.776  —3.786
2t —5259 —5.145 —5.145 —5.133 —5.133 —5.132
4t —5897 —5.865 —5.865 —5.864 —5.864 —5.864
6t —6.120 —6.120 —6.120 —6.120 —6.120 —6.120
8t  —6.307 —6.307 —6.307 —6.307 —6.307 —6.307
TAg 3/2t  —9.355  —9.286 —9.286 —9.283  —9.270  —9.266
5/2t —8.993 —8.879 —8879 —8.869 —8.857 —8.842
7/2t —8580 —8386 —8.386 —8.367 —8354 —8.357
90/2F 8414 7639 —7.639 7764 —T.694 —7.734
9/25  —9.502 —9.449 —9.449 —9.446 —9.445 —9.444
11/2*  —-9313 —-9.216 —9.216 —9.209 —9.211 —9.210
13/2%  —9.229 —9.119 -9.119 —-9.109 —9.109 —9.104
15/2% —9.883 —9.870 —9.870 —9.870 —9.870 —9.870
17/2% —9.949 —9.921 —-9.921 —-9.920 —-9.918 —9.918
21/2% —10.274 —10.274 —10.274 —-10.274 —10.274 —10.274
210pp 0* 8.402 8.804 8.804 9.067 9.067 9.091
2+ 8.156 8.228 8.228 8.248 8.248 8.254
4+ 7.953 7.982 7.982 7.989 7.989 7.992
6" 7.877 7.895 7.895 7.899 7.899 7.900
8F 7.837 7.852 7.852 7.856 7.856 7.856
21pp 3/2* 11.986 12.064 12.072 12.083 12.098 12.109
5/2% 12.097 12.202 12.211 12.230 12.243 12.253
7/2F 12.252 12.392 12.402 12.430 12.435 12.436
9/2f 12.310 12.687 12.688 12.911 12.892 12.936
9/2% 11.939 12.012 12.001 12.029 12.011 12.012
11/2* 12.016 12.108 12.092 12.131 12.106 12.106
13/2% 12.043 12.145 12.135 12.171 12.156 12.161
15/2% 11.822 11.879 11.871 11.891 11.878 11.878
17/2* 11.823 11.882 11.879 11.895 11.890 11.892
21/2% 11.728 11.776 11.775 11.786 11.783 11.784
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effective three-body interaction cannot contribute to the binding energy of ®Cd and
210Ph. In second order it also does not contribute to that of the three-hole nucleus *"Ag.
This can be understood from Eq. (B.4) [or, alternatively, the second-order diagram (a)
in Fig. 2] which contains the matrix elements Vi;® = (j2R|V4|jjxR), with j = 0go/s
and jr = 0fs/2, 1ps/2, 1p1/2, and which therefore vanish because of parity conservation.
However, in third order the effective three-body interaction in °“Ag does not vanish
because the diagrams (d) and (h) in Fig. 2 are parity conserving.

If we compare the results of the calculation with a two-plus-three-body effective
interaction up to third order (penultimate column A;ggﬁ’ in Table 3) with those of the
shell model, we can conclude that the numbers agree closely, except for the 0 state in
the two-nucleon and the 9/2] state in the three-nucleon nuclei. For example, the 0
level in 2°Pb is underbound by 24 keV and the 9/2] level in 2''Pb by 44 keV. These

discrepancies correspond to a two-body pairing matrix element

Vo = (5% v =0, = 0[Valj*,0 =0, = 0), (21)
that is 24 keV less attractive than it should be and a ‘three-body pairing matrix element’
Wope, = (1%, 0 = 1,0 = jIVs|j*,0 = 1,0 = j), (22)

that is 24.2 keV less attractive than it should be. These discrepancies might seem
insignificant for low valence nucleon number n but they lead to important deviations
for higher n. An estimate of the resulting corrections can be obtained by noting that
a Hamiltonian with a two-body and a three-body pairing interaction in the j = 9/2
orbital has the ground-state eigenvalues [29]

1 1
(n—v)(12 —n —v) 2_0‘/0+E(n_2)w9/21 ) (23)

where the seniority v is 0 (1) for even (odd) n. If the strengths of the pairing interactions
are off by tens of keV, we conclude from Eq. (23) that it leads to deviations of several
hundreds of keV for n = 10.

Corresponding results for E2 transitions are shown in Table 4 for the nuclei *Cd and
210Ph. The structure of the initial and final two-particle states is fixed and therefore the
B(E2) values do not depend on the effective interaction. The third column lists B(E?2)
values obtained with the standard one-body E2 operator Y., 72Ya,(6;,¢;) in a single-j
orbital. The fourth and fifth columns add to this the contribution from the effective
two-body operator, calculated up to first and second order, respectively. Perturbation
theory converges reasonably close to the full shell-model results, except for the 27 — 07
transitions. This might be due to the difficulty in capturing the structure of a correlated
pairing state in a perturbation approach. Furthermore, in *Cd the two-body part of the
E2 operator vanishes in first-order perturbation theory, which can be understood from
Eq. (C.6) and the zero matrix elements V;/ = (j2J|V4|jjxJ). Corrections to the one-body
operator then only arise because of some second-order terms in the expression (C.8) and
they are seen to be small or unreliable in the case of the 2 — 0% transition.

We conclude that the model space employed here for the N = 50 isotones, consisting
of the 0f5/2, 1p3/2, 1p1/2 and Ogg/o orbitals, leads to an effective three-body interaction
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Table 4. B(E2;J — JI) values (in units e?b?, with b the oscillator length) for
transitions in °®Cd and 2!°Pb, calculated with various effective E2 operators in a
single-j orbital and compared with the full shell-model results (SM).

B(E2; JF — JF)
Nucleus JF—Jr T, TGy T2 SM
BCd 27 - 07 2334 2334 1661 2.243
4T 2T 2682 2682 2614 2.649
6t — 47 1.855 1.855 1.848 1.847
8F — 6% 0.743 0.743 0.743 0.743
20py,  2F - 0F 4.341 5.050 4.918 4.462
4T 2t 4987 5.671 5820 5.933
6t — 47 3.449 3.947 4.046 4.152
8F -6+ 1.381 1.633 1.704 1.754

and an effective two-body E2 operator that vanish in leading order. A recent study [27]
of %Ru and %Pd arrives at a related conclusion, namely that the spectroscopy of the
N = 50 isotones is best reproduced in a large-scale shell-model calculation with a single-
particle space that includes the orbitals Og, 1d and 2s of the N = 4 major oscillator
shell. On the other hand, the model space employed for the Pb isotopes leads to effective
operators that do not vanish in leading order and, therefore, we concentrate from now
on on the latter. We also conclude from Table 3 that it is necessary to include diagrams
up to at least third order, which is what is done in the following.

The results concerning the binding energies of the Pb isotopes are displayed in
Fig. 7 and those concerning their excitation spectra in Fig. 8. Calculations with four
different effective interactions are shown: (a) an effective two-body interaction 172(;%
calculated up to third order; (b) an ‘exact’ effective two-body interaction 172(;3); (c)
an effective two-plus-three-body interaction ‘72(523 calculated up to third order; (d) an
‘exact’ effective two-plus-three-body interaction V;;eof% The approximations (a) and (c)
are obtained with use of the perturbation expressions given in Sect. 3 and in Appendix A
and Appendix B. The exact effective two-body interaction is obtained by reproducing
the shell-model results for two nucleons and the exact effective two-plus-three-body
interaction by reproducing the shell-model results for two and three nucleons.

A word of clarification is needed concerning the use of these so-called exact effective
interactions. We in fact can show that, for two nucleons, the use of such an exact
effective interaction is entirely equivalent to the method of Okubo, Lee and Suzuki
(OLS) [30, 31], which determines effective operators in a restricted space. To see this
point, we introduce the notions of a restricted Hilbert space PH (i.e., here the model
space constructed from the single-j orbital) and of an excluded Hilbert space QH, such
that (P+Q)H = H is the total Hilbert space (i.e., here the full shell-model space). Any
eigenstate |¢) of the Hamiltonian H in the full shell-model space has a component, P|¢)
in the restricted space and a component Q|¢> outside the restricted space. In the OLS
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Figure 7. The difference between ground-state binding energies of the Pb isotopes,
calculated with various effective interactions, and those obtained in the full shell-
model space. The different effective interactions are: (a) effective two-body interaction
calculated up to third order (blue triangles, dashed line); (b) exact effective two-
body interaction (blue triangles, full line); (c) effective two-plus-three-body interaction
calculated up to third order (red squares, dashed line); (d) exact effective two-plus-
three-body interaction (red squares, full line).

method an operator 7 is constructed that maps states in QH onto states in PH such
that nP|¢;) = Q|¢;) for a particular subset of eigenstates |¢;). It can be shown that the
eigenvalues of the transformed (non-Hermitian) Hamiltonian (I — 7)H (I 4 7) (where T
is the identity operator) in the restricted space PH coincide exactly with a subset of
the eigenvalues of H in H. The effective Hamiltonian in the OLS approach is finally
obtained after a further transformation to make (I — 7)H(I + 7) Hermitian.

For two nucleons in a single-j orbital there exists only one state of a given angular
momentum and the OLS method therefore ensures that the expectation value of the
effective Hamiltonian in this state coincides with the eigenvalue corresponding to the
eigenstate of the full Hamiltonian that has the dominant single-j component. This shows
that the effective two-body interaction ‘72(;;) used here is the same as that obtained with
the OLS method.

The same argument can be made for three nucleons in a single-j orbital provided
only one state exists with angular momentum J. For the orbitals considered here with
j = 9/2 this is always the case except when the three nucleons couple to J = 9/2, which
has two independent states. For J = 9/2 the OLS method yields a 2 x 2 matrix whose
eigenvalues coincide exactly with two of the eigenvalues of the Hamiltonian in the full
space. In general, this 2 x 2 matrix will have a non-zero off-diagonal element while we
have assumed in the construction of the XA/:))(eof?) interaction that this matrix element is
zero. We therefore conclude that the exact effective interaction used here is equivalent to
the one obtained with the OLS method, provided that the off-diagonal matrix element
for J = 9/2 can be neglected, as is done throughout this paper. Under this assumption
one can dispense with the OLS formalism, and simply fix the effective matrix elements
such that they reproduce the shell-model results of the two- and three-nucleon systems.
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Figure 8. Experimental energies (Exp) of levels in the Pb isotopes compared with
energies calculated with various effective interactions in a single-j orbital and with
those calculated in the full shell model (SM). In the upper panel the effective interaction
is calculated up to third order in perturbation theory, and is either of two-body (blue) or
two-plus-three-body (red) character. In the lower panel the exact effective interaction
is taken (see text), either of two-body (blue) or two-plus-three-body (red) character.

We first discuss the binding energies of the ground states since these are often

used to unveil the presence of three-body forces [32].

To visualize the results, we

plot in Fig. 7 the difference between binding energies, calculated with the various
effective interactions, and those obtained in the full shell-model space. The conclusion

is clear: Adding a three-body component to the effective interaction does not improve
the description of the binding energies. A possible (but unlikely) explanation is that the
off-diagonal matrix element (j3,v = 1, 9/2|Vg,|j3, v = 3,9/2), here neglected, is crucial
to the description of binding energies. A more likely explanation is that the pairing

correlations are such that an effective interaction requires a four-body component.

Another conclusion that can be drawn from Fig. 7 is that a perturbation calculation
that stops at third order is not sufficient, certainly not for the effective three-body

interaction.

While it is hard to tell whether there exists any empirical evidence for higher-body

interactions based on binding energies, their presence is evident from excitation energies,

as shown in Fig. 8. With increasing mass number A the observed spectra (labeled ‘Exp’

in the figure) of the even-even Pb isotopes expand. For example, the 27 energy increases
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Table 5. B(E2;J7 — JI) values for transitions in the even Pb isotopes, calculated
with various E2 operators in a single-j orbital and compared with the measured values
where available.

B(E2; J© — JF) (e*fm?)
Nucleus J7 — JF T, TSZH TASE))H —i—%@H SM Exp
A=210 2t —=0" 94 109 106 106 104 105 (30)

4T — 2% 108 122 126 126 138 360 (68)
6t — 4t 74 85 88 88 97 158 (60)
8t — 67 30 35 37 37 41 53 (23)
A=212 2t —=0" 140 176 174 174 210 —
4t =2t 12 16 18 32 68 —
6t — 47" 8 9 11 9 28 —
8t — 61 3 3 4 2 8 ~2
A=214 2" —0" 140 189 189 189 304 —
4T =27 12 16 13 3 9 —
6t — 4* 8 12 10 15 0.1 —
8t — 61 3 5 4 6 0.3 ~2

A=216 2t —=0" 94 135 137 137 — —
4t —» 2t 108 158 153 153 — —
6t —4t 74 109 105 106 — —
8t — 67 30 42 40 40  — ~25

from 0.800 MeV in 21°Pb to 0.887 MeV in 21®Pb. This trend is correctly reproduced by
the shell model in the full space (labeled ‘SM’ in the figure). All two-body interactions
satisfy particle-hole symmetry and, as can be seen in Fig. 8, the spectra of the pairs
210216ph and 212:21Ph are predicted to be identical to all orders of perturbation theory,
if only two-body interactions are considered. Within a single-j approach with two- and
three-body interactions, only the latter break particle-hole symmetry. In Subsect. 6.1 it
was shown that a three-body interaction, fit to data, is indeed capable of reproducing
the evolution of spectra with mass number A. Here we find that the effective two-
plus-three-body interaction, which we derived from the Kuo-Herling interaction in the
shell-model space consisting of the 82-126 neutron orbitals and calculated up to third
order, does not have the correct behavior. As seen from the upper panel in Fig. 8, its
effect on the energies goes in the wrong direction since the Thy, 3 spectrum compresses
with increasing mass number A. Only when the exact effective two-plus-three-body
interaction is taken does one reproduce the experimental trend, as seen from the lower
panel in Fig. 8.

Results concerning F2 transitions in the even Pb isotopes are shown in Table 5. The
second column of the table lists the B(E2) values for the various transitions as obtained
with an effective two-body interaction calculated up to third order and with a standard
one-body E2 operator. In the third and fourth columns are given the B(E2) values
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obtained with an additional two-body piece of the E2 operator, calculated up first and
second order, respectively. The fifth column lists the most complete results when the
effect of the three-body interaction calculated up to third order is taken into account.
The sixth column, labeled ‘SM”, gives the results of the shell model in the full space.
The seventh column, labeled ‘Exp’, lists the measured B(F2) values—those in 2!°Pb
taken from Ref. [20] and the B(E2;8" — 67) values in the other isotopes estimated
from Ref. [23]. All calculated B(E2) values are obtained with a constant length of the
harmonic oscillator, b = 2.456 fm, and an effective neutron charge e, = 0.77, which is
fixed from the B(E2;2% — 07) value in 2'°Pb.

At present the sequence of decays 8% — 67 — 47 — 27 — 0T is measured only in
210Ph and the B(E2) values have rather large error bars. If the E2 data in 2'°Pb turn
out to be confirmed with smaller error bars, this would be not so much a problem of the
effective operators but rather one of the Kuo-Herling interaction in the full space, akin to
what is found in 2'°Po [28]. The results of Table 5 demonstrate that the two-body piece
of the effective E2 operator, calculated to first order, provides an important correction
to the B(E2) values while the contribution of the second-order term is only minor. The
three-body interaction has an important effect on the B(E2) values in ?'?Pb and an
equally important but opposite effect in 2!4Pb. Note that three-body interaction has
no influence on the B(F2) values in the two-particle or two-hole isotopes 21%216Ph, as
the structure of the states is independent of the interaction, at least in a single-orbital
approach.

The overall conclusion that can be drawn from Table 5 is that the final calculated
B(E2) values result from a delicate balance of possibly conflicting effects of an effective
three-body interaction and an effective two-body E2 operator. Given also the difficulty
in reproducing the observed B(E2) values in the two-particle nucleus ?!°Pb, it seems
therefore that conclusions regarding higher-order operators are difficult to draw at this
point.

7. Summary and conclusions

We presented the results of a shell-model study of Hamiltonians with two- and three-
body interactions and of transition operators with up to two-body terms. We limited
ourselves to nuclei where valence nucleons of one kind (i.e., either neutrons or protons)
occupy dominantly a single-j orbital such as Ogg/o or 1gg/o, in particular, the N = 50
isotones and the lead (Z = 82) isotopes.

In the first part of this study we found that the three-body interaction is important
to obtain an improved description of excitation spectra of semi-magic nuclei. We argued
that the clearest evidence for the presence of effective higher-body forces in nuclei
can be obtained from the properties of spectra rather than from binding energies.
Such evidence, in particular the breaking of particle-hole symmetry, exists in the
N = 50 isotones and the lead isotopes, and we found that a three-body interaction
can adequately reproduce the experimental trends. The separate components of the
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three-body interaction, however, could not be determined reliably from an empirical
fit: A small variation in the input data was seen to lead to large fluctuations in the
three-body matrix elements.

In the second part of this study we constructed, based on the perturbation theory, an
effective single-7 Hamiltonian with up to three-body interactions and an effective electric
quadrupole operator with up to two-body terms. The validity of the perturbation
approach was verified by comparing results obtained with effective operators in a single-j
orbital with those obtained in the full shell-model space. Convergence to the shell-model
energy spectra in the full space was checked by increasing the order of the interaction (up
to three-body) and by increasing the order of perturbation theory (up to third order).
Likewise, E2 transition probabilities were obtained with a single-j operator with up to
two-body terms, calculated up to third order in perturbation theory, and compared to
results obtained in the full shell model.

Concerning the effective Hamiltonian, formulas indicate that it is obtained from
an expansion in V/Ae, the average interaction matrix element over a single-particle
energy splitting. We noted that convergence is slowest for the matrix elements that
matter most, i.e., the two- and three-body pairing matrix elements. Consequently,
calculating all matrix elements consistently up to a given order (as one is bound to
do), we found that the resulting spectroscopy was poor and that the binding energies
were not well reproduced. In particular, the breaking of particle-hole symmetry—the
clearest signature of a higher-body force—was not properly described with an effective
two-plus-three-body Hamiltonian calculated up to third order in perturbation theory.

We also showed results obtained with an ‘exact’ two-plus-three-body effective
interaction. We argued that this exact interaction is equivalent with the one obtained
with the Okubo-Lee-Suzuki (OLS) approach under the assumption that a single off-
diagonal three-body matrix element can be neglected. Although with the exact two-
plus-three-body effective interaction the breaking of particle-hole symmetry was better
accounted for and the calculation at least reproduced the trend of the shell-model
results in the full space, the description of binding energies was not convincing and
no advantage over an exact two-body effective interaction was found. The simplest
possible explanation of these failures is that the effective Hamiltonian contains a non-
negligible four-body component. As mentioned in the introduction, it is possible to
extend the present study to four-body interactions but, given also the uncertainties of a
perturbation expansion, it should be done in a OLS approach since off-diagonal matrix
elements may play an important part in the analysis.

Finally, as to effective transition operators, we found ourselves confronted with a
complex problem of several higher-order contributions of different origin, which may or
may not act constructively. It seems to us that it will be difficult to reach any firm
conclusion with regard to three-body interactions in a nucleus solely on the basis of its
electromagnetic transition properties.
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Appendix A. Energies of the two-nucleon state

In this appendix we give the expressions for the energy of the two-nucleon state |j2.J)
in second- and third-order perturbation theory. We introduce a short-hand notation for
the different matrix elements that enter the subsequent expressions,

Vil = (PIValiged), Vil = GEIValgeind),  Vilw = Gied|Valdgi J),
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Vider = (g |Valjw o T), Vit = (gt T |Valjw v J), (A1)
and similarly for the energy differences,

Aep = €5 —€j,, Aey =2¢; —€j, — €. (A.2)

By straightforward application of stationary perturbation theory, the second-order
contribution of V5 to the energy of the state |j2J) is

A Aek Aekl ’

k<l

and the third-order contribution equals
Vk k k/ V !

E®)(j Z Z Aep A€y ; 1;’
+2 Z >,

k<l

szl ki, k’l’vkz’l’

AeklAGk’l’ (A4)

vIvie Vil VI |2 VI
E Vik'l kl_VJ Z’k|2+2¥1|2 '
AepNepy . (Asz) <l (Aekl)

Appendix B. Energies of the three-nucleon state

In this appendix we give the expressions for the energy of the three-nucleon state |j3a.J)
in second- and third-order perturbation theory. The former is given by

ED () Z VLl £y Viiol? (B.1)
Aek Ale ’ ’
which contains the following three—partlcle matrix elements:

Vit = (Pad|Valj*(L)jid)
VoI R TR (B.2)

Jk
R
Vk{L = (jSOéJ|V2|jkjl(L)jJ> = \/gcgajvlﬁ- (B.3)

With use of the expressions (A.3) and (B.1) in the general expansion (12) it can be
shown that the effective three-body interaction to second order reduces to [14]

(2) R j J R VkRVkR,
<J @J|V3ﬁf|J al) —3%:;; 3aJ 306{1{‘7 ik R’} Ae, (B.4)

which does not contain any contribution from the |jxj,(L)jJ) configurations. The energy
of the three-nucleon state |j2a.J) in third-order perturbation theory is given by

v v v v
(3) J kL kL k'L’ k/L’ klL le kUL VE'UL
(7 > AeAep DY AenAewy

k,L k'L’ k<I,L k'<U',L’

J /T J
49 Z Z Ve Vi Vi
kL k<UL AepAepr

|V;<;L|2 |VmL|
k,L

k<l L
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which contains, besides (B.2) and (B.3), the three-particle matrix elements

Visas = (el |Valj’ad) =3 (cl,)*Va, (B.6)
R

VkJL,k’L’ = (G*(L)jeJ|Valj*(L)ju J)
= Viorr O + 2(—)jk_j'“/ [L][L]

XZ {J Jk R}{i ]i/ []/%/}Vkl:zk" (B-7)

Vk{L,k’l’L’ = <Jk]l( )7 |Val g gir (L) 5T
= V/ﬁ wrOrL + [L[L)P(jrji L) P(jwju L)

Ju Jk JvoJv L'\ r
XZ {J ! R}{J ! R}V,J,(skk,, (B.8)
= (*(L )jkﬂ%’]k']l'( N3 J)

n9Y/ - . / % ™ L
PGt )Y Vi

J
vkL,k’l’L’

J 5 L
VRt i, (B9)

where P is the exchange operator defined by
Y .. fj?jla‘] - _jJrj/iJf j/7j7‘]
V1465

for any function f(j, 5, J) of the angular momenta j, j', and J.

(B.10)

Appendix C. Effective two-body transition operator

In this appendix we give the expressions for the effective two-body transition operator
in first- and second-order perturbation theory. These can be obtained from the general
expression (16) together with the eigenstates of H; + V5 up to second order
72D & (1+7)[5° ) +Z [+ si)lddnd) +Z St stlirad),(C.1)
k<l
with coefficients f of the first order in V/ Ae

VJ VJ
J k J kl
= — prm— .2
fk A€k7 fkl Aekl’ (C )
and coefficients s of the second order in V/Ae
1 |VJ|2 |VJ|2
J_ _* k Kl
T (; (B " Z (Aew)? )’
s) = Z Vk{k’vk’ Z Vk: k:’l’vkz’l’ VJVk
K I A€kA€k/ k<l AGRAGk/l/ AEk)
Vidw Vil Vil Vit VIV
— : — : C.3
Skl Z A€k1A€k/ * Z AEklAlel/ (AEkl)z ( )
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For example, the effective two-body transitions operator to first order equals

Ji J
(G| T 3% ) Z A PR T ) +Z

JAYS

73115 5),(C.4)

in terms of the matrix elements V;” and energy differences A¢j, defined in Appendix A.

Let us specify to the case of most interest here, namely an electric one-body operator
of the form

Tl,u(A) = SZT;\Y)\M(HDQSZ'% (C5)

with e the effective charge of the nucleon. The expression (C.4) then reduces to

PIITRO) = (PRGN S (7, o %)

Vi rd e ALY 0 e M\
. (AEIC{J Jf j}+A€k{Jf Jl j} [nfnk&gc(;)

with the radial integral

1 Heo
I’\,/:—/ T Ry (r) Ry (1) r2dr, C.7
e = = [ PR R () ()

where it is assumed that (—) ¢ = +1.

With use of the expansion (C.1) the second-order two-body components of an
effective transition operator are

GINTE IR = (% + ™) GTN TIN5 5)
+ 3SR TN i)
k

+Zsif (i Je I T 12
+Zka G Je| Ty (V) 1)
+ Z Z FE S G g TN T O G 5

k k<l

3N R G JIT ) i)

k<l k'
F YO R G de Ty ) | drdi T (C.8)
k<l K'<U

where, for an electric transition operator, the one-body matrix elements are

Gado i lrYallega i) = PGado i) P(egadi) (= V22T [N ) [l

x{‘?}b f]j ;}( h 3 ]d>lgb£bndgd5ac (C.9)
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