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Wecalculatethedeuteronanapolemomentwithin thenonrelativistic formalism.Relevant oper-
atorsat the leading orderareobtainedandthematrix elementsarecalculated with zero-range-
approximatedwavefunctions.Theresultis checkedagainsttheoneobtainedfrom themultipole
expansion formalism. Numerical valuesarecomparedto thoseobtainedwith theArgonnev18
phenomenological model. Gaugeinvariance of the net resultaswell asseparatecontributions
is examined.

1 Intr oduction

Thesubjectof this paperis to understandtheweakinteractionsbetweenhadronsby
exploiting anelectricpropertyof thedeuteron. Despiteof thesuccessof Weinberg-
Salam-Glashow model [1], despiteof thediscovery of Z0 bosonin huge accelerator
facilities,theweakinteractionsof hadronsremainthemostelusiveareain thephysics
world. Forexample,peopledonotknow yethow weakthisinteraction is. Therehave
beenonly a few experimentalchallengesthattry to uncover this problembut we are
still far away from graspingsomething definitive. Neverthelesstheprogressof the
experimentalapparatusandtechniquesmakestheelusive body more andmoredefi-
nite. Now with theexperimentaldataon onehandandwith thetheoreticalgrounds
on theother, theaccessto theproblem becomesmoreandmorerealistic.

Why is the weak interaction interesting?

Symmetriesthatthenaturepossessesopenmany possibilitiesto understandit in
themethodology of thetheoreticalphysics,whichwasoriginatedfrom Newton’s pi-
oneering work of universalgravity. Lorentz, chiral,parity, timereversal,chargecon-
jugation, andmany othersymmetriesmake it possibleto construct theories in well-
definedandcompact ways. The standardmodel,which is believed to be the most
fundamentaltheoryof nature,is built on thebasisof thesesymmetries. Sometimes,
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however, naturehints to us thatsomesymmetries arebroken. Themostprominent
casemaybethebrokensymmetry of parity for theweakinteraction. Eventhough a
processaccompaniedby theweakinteraction, β-decay, wasalreadydiscoveredin the
early20thcentury, people didn’t know that the weakinteractionoccursdifferently
in themirror world until 1957.In 1956, LeeandYang[2] suggestedthatthemirror
imageof theweakinteractionis not thesameastheoriginal one,i.e.,paritysymme-
try is broken. In thenext yearit wasverifiedexperimentally[3]. To theknowledge
reported so far, weakinteractionis theonly interactionthat breaks theparity sym-
metryamong thefour fundamentalinteractions. Imagine thattherearefour kinds of
mirror in the nature: strong,weak,electromagnetic,andgravitational ones. When
you reflectyourself on the mirror, you will find onedifferent imageof you in the
weakmirror, e.g.,only left portionof your bodywill bereflected.This asymmetry
is a peculiar propertyof theweakinteractionandthis makesit interesting.

Why is the weak interaction difficult?

In reality onecannottearapartthe four interactions. In fact thereis only one
mirror, which reflectsthe four interactions simultaneously. In few casesonecan
isolatespecificinteractions andlook at them:leptons donot interact strongly. How-
ever for the hadronswhich arethe major interestof nuclear physics,sucha sepa-
ration is impossiblein practice. In order to seetheweakinteraction on themirror,
oneshouldtell the asymmetric imagefrom the symmetric one. But the difficulty
is that this asymmetryis very faint. Conventionally, strengthof weakinteractionis
about 10

� 5 timesweaker thantheelectromagneticinteraction andabout 10
� 7 times

weaker thanthe stronginteraction. Detectingweakeffects is similar to observing
something, which is asbright asVenus in theearly evening or morning within the
sunwith nakedeyes. Actually, no onecandiscernthis small light from Sun’s huge
brightness.Discriminatingtheweakeffect from thestrongor electromagneticback
ground is a formidablechallenge andit will require high-technology instruments as
well asgreatpatience.This is why theobservation of weakinteractionis difficult.

Weak interaction of the hadron

On the theoretical side, there is one important reasonthat makes the weak-
interactionanalysisdifficult. It wasremarkedin theformerparagraphthatoneshould
distinguisha faint weakimagefrom thevery bright imagemadeby stronginterac-
tions. In the pictureof the standardmodel, the natureis madeof quarks, gluons,
leptons,photons,andweakbosons. In theconstituent quark model, hadronsarede-
scribedasbound statesof quarks. Onegreatdifficulty embedded hereis that the
standardmodel canhardly connect to constituent quarkmodels quantitatively. In
orderto doso,oneshould evaluateinfinite serieswhoseelementsdonotconverge to
zero.For thatreason,thestandardmodel canhardlyhelpnuclearphysicsin practical
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calculations. In orderto overcomethis problem, the simplestchoiceis to rely on
theoriesor modelswhich treathadronsasbasicdegrees of freedom. Thestrongin-
teractiontheoriesormodelsbasedonmeson-exchangepictureachieved agreatmany
successin many problemsandareasin nuclearphysics. Thesamestrategy – weak
interactionof hadronsvia mesonexchange– wasespeciallydevelopedby oneof the
authors togetherwith DonoghueandHolsteinin early80’s [4].

The meson-exchange model of hadronic weak interactions is now a general
methodin theoreticalnuclearphysicsandwe will investigatea specificproblem on
this basis.

Weak interaction at the atomic level

The studyof weakinteractions at the atomiclevel startedin mid-70’s andthe
first decisive observation wasachieved in Novosibirsk in 1978. In the atomicbis-
muthvapor, it wasobserved thattheplaneof polarization of photon prefers,say, left
to right. Severalmonths later, thesameparity-nonconservingphenomenonwasob-
servedin a reactionof deepinelasticscatteringof longitudinally polarizedelectrons
onprotonsanddeuterons.

Eventhough theexistenceof chargedandneutral weakbosonswereconfirmed
in CERNin 1983, thesuccessof Novosibirskopened a branchof nuclearweakin-
teractions. It is widely recognizedthattheatomicmeasurementsareimportanttests
of thestandard model. Thecomparisonbetweenprecisionmeasurementsat atomic
level andacceleratorenergiescouldmake possibleextensionsbeyond thestandard
model. Oneof thechallengesin thefield hasbeentheexperimentaldetermination
of thevarious spin andisospindependenteffectsto the low-energy weakhadronic
interactions.

Anapolemoment

Shortly after the experimental discovery of parity nonconservation in 1957,
Zel’dovich [5] noteda new typeof electromagneticmoment,theanapolemoment.
Theanapole moment is anelectromagneticproperty of systemswith non-zerospin.
While thewell-knownmagneticdipoleisP-andT-even,theanapole isaP-oddandT-
evenoperator. Sucha parity-oddeffect canbeprobed only by virtual photons.Thus
theeffectof theanapolemoment canbe,for example, measuredin electron-nucleon
scatteringbut cannot bemeasuredthroughdirectinteractionsof theelectromagnetic
field andthenucleon.

Theparity-nonconservingneutralweakinteractions betweenelectronsandnu-
cleons are dominated by spin-independent Z0’s axial-coupling to electronsand
vector-coupling to nucleons. However this interaction is transparent to hadronic
weakinteraction which is our primary interest. Neutral hadronic weakinteraction
canbeprobed in a processwhich includesaxial Z0 coupling to a nucleonandvec-
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tor coupling to an electron. The vectorZ0 coupling to electronis suppressedby a
factorof

�
4sin2 θw � 1��� 2 � � 0 � 05. In this case,radiative correctionscanamount

to the leadingZ0 exchange contribution. Theanapole effect, which is in general a
higher ordercorrection to the leadingorder, did not draw people’s attentionuntil
FlambaumandKhriplovich showedthat its effect canbedominantfor heavy nuclei
[6]. They showed that the anapole effect of a nucleus is proportional to A2� 3. For
A 	 20, theanapole effect dominatesover thespin-dependentZ 0 exchangeor other
radiative corrections. Sincethenmany elaboratecalculationshave beendonewith
theanapole momentof heavy nuclei [7–10] andits existencewasobservedin 1997
by theColorado group [11].

Deuteron

In thecalculationof theanapolemoment of heavy nuclei,avariety of potentials
suchasWoods-Saxon or phenomenological ones have beenusedin obtaining wave
functions. In order to avoid the complexity in deriving relevant current operators,
current conservation is assumedor Siegert’s theorem[12] is used.Without theexact
knowledgeof stronginteractionsof nucleons in a nucleus,someuncertainty, small
or large, is inevitablein nuclearcalculations. Onecritical drawbackis thatthemag-
nitudeof uncertaintyor erroris hardto beestimated.For example, onecansaythata
simplepotential model hassomeerrorbarlargerthanmoreexactphenomenological
calculations but onecannot suggesttheuncertainty of thephenomenologicalmodels
with definitenumbers. A mostpromising alternative will be a very simplebound
systemwhich canbe free from the uncertaintyof many-body systems.The most
famous and the best-understood systemthat satisfiesthis requirementmay be the
deuteron. Its wave function shows good coincidenceamongnumerousphenomeno-
logicalmodels.Beingthetwo-body system,exchangecurrents arewell-definedand
well-orderedin theeffectivefield theory. For thesereasons,we pick upthedeuteron
astheobjectof ourstudy.

2 Definition of the AnapoleMoment

Onecanfind a few papers [6,10,13] wherethe anapole moment is definedin dif-
ferentways.Basically, theanapolemoment is theparity-nonconserving(PNC)spin-
dependentelectromagnetic propertyof a system.Therefore,it alwayscontainsthe
spinoperator of thesystem.

Theanapole moment is anelectricmultipole andthusit canbedefined from the
multipole expansionof the vector potential. This one, 
A � 
x� , generatedby a source
current 
j reads 
A � 
x���� d 
x � 
j � 
x � �� 
x � 
x � � � (1)
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Theleading termof theexpansionin
� 
x � is themagneticmonopolemoment termand

thesecondorder termis themagnetic dipole term.Thenext orderis dividedinto the
sumof magneticquadrupoleandanapole terms.Theanapole moment derivedin this
wayreads 
a � 2π

3
 d 
x 
x ��� 
x � 
j � 
x����� (2)

We shouldnotethat 
j � 
x� in this definitionis thematrix elementof a current density
operator.

Thegeneral expressionof thematrix elementof a conservedfour-current for a
spin-12 particlein momentumspaceis writtenas�

jµ
�
q������� F1

�
q2 � γµ � iF2

�
q2 � σµνqν�

a
�
q2 � � q� qµ � q2γµ � γ5 � id

�
q2 � σµνqνγ5 � � (3)

F1
�
q2 � andF2

�
q2 � areelectricandmagneticform factors,respectively. The axial

form factorsarea
�
q2 � andd

�
q2 � thataretheanapole andelectricdipole terms,re-

spectively. In thenonrelativistic limit, theanapole termreducesto

a
�
q2 � 
q2 � 
σ � q̂ 
σ � q̂�! (4)

whichalsosatisfiescurrent conservation.
An alternative way to obtainthe anapole moment is to expandthe interaction

Lagrangian, "
int � 
j �#
A (5)

in powersof q. Matrix element of spin-dependent termatq2 order is identifiedasthe
anapole moment. Oneadvantageof this approachis thatin contrast to thedefinition
from theconserved four-current, currentconservation is notassumed. Gaugeinvari-
anceor its breakdown canbeshown explicitly from this approach.In this work, we
calculatetheanapole moment from theinteractionLagrangian.Spin-dependent ma-
trix elementsat q2 arecalculatedwith zero-range-approximated(ZRA) wave func-
tion. Theresultswill becomparedwith thoseweobtainedrecentlywith thedefinition
from themultipoleexpansion[15].

3 Parity -Admixed WaveFunction

Figure1 showstheweakinteractionof nucleonsthrough theexchangeof mesons;π,
ρ, ω, andetc. Thevertex markedwith � representsPNCnucleon-mesoncoupling.
Sincethereareoneparity-conserving (PC)andonePNCvertices, thepotentialthat
the diagram standsfor is parity-odd as a whole. This PNC interaction generates
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π, ρ, ω, ...

Figure1. PNCmeson-exchangepotential.

parity-admixed wave function. The role of mesonsvarieswidely from processto
process.In thecaptureof polarizedthermal neutron by aproton, 
n � p $ d

� γ, or in
thedeuteron-electron scattering,theexchangeof π dominatesthePNC interaction.
In contrast,thePNCeffectsin p-p scatteringor n

�
p $ d

� 
γ is dominatedby the
vector-mesonexchanges. In our problem, whereelectronscatterswith deuteron,
PNC interactionby pion-exchangeis themostdominant. One-pion-exchangePNC
potential reads

Vpnc
� 
r �%� i

gAhπNN&
2 fπ

� 
τ1 � 
τ2 � z 
I �(' 
p1 � 
p2

2
 e� mπr

4πr )� gAhπNN&
2 fπ

� 
τ1 � 
τ2 � z 
I � r̂ d
dr

y0
�
r �! (6)

where
r � 
r1 � 
r2, r � � 
r � , 
I � 1
2

� 
σp
� 
σn � , andy0

�
r ��� e

� mπr � � 4πr � . Theconstants,
gA and fπ, aregiven thevalues1.267 and92.4MeV respectively. Theparity-even
componentis mostlydominatedby the 3S1 stateandtheprobability of 3D1 is only
5.7%. In theZRA calculation, we take into account the 3S1 stateonly. Thecontri-
bution of the D stateis discussedin the numerical results. The PNC potential(6)
operating on the parity-even component of the deuteronwave function producesa
componentin P channel. Only a 3P1 stateis possiblefrom theparity-evencompo-
nentswhich are in 3S1-3D1 state. The parity-admixed wave function containsthe
componentsin 3S1, 3D1, and3P1 channelsandcanbegenerally writtenas

ψd
� 
r �%� 1&

4πr *,+ u � r � � S12
�
r̂ � w � r �&

8 - ζ00 � ihπNN . 3
2

I � r̂ v

�
r � ζ10/ χ1Jz

 (7)
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(a) (b)

pair pion

Figure2. Diagramsrepresentingone-andtwo-body electromagnetic contributions.

whereS12
�
r̂ �(� 3 
σ1 � r̂ 
σ2 � r̂ � 
σ1 � 
σ2 andχ andζ representaspinorandanisospinor,

respectively.

4 Transition Operators

Figure2 shows the diagramsthat we consider. The one-body current [Fig. 2(a)]
includes spinandconvectioncurrents:
jspin

� 
x�%� e
2

∑
i 0 1

µi
N

2mN

∇x � � 
σi δ 1 32 � 
x � 
r i � �  (8)
jconv

� 
x�%� e
2

∑
i 0 1

1
� τz

i

4mN 3 
pi  δ 1 32 � 
x � 
r i �546� (9)

Thecorresponding interaction Lagrangian reads"
spin � 
jspin � 
A � e

2

∑
i 0 1

µi
N

2mN

ε � � 
σi � 
∇r i

� ei 7q8 7r i  (10)"
conv � 
jconv � 
A � e

2

∑
i 0 1 9 
pi

2mN
� 
ε  ei 7q8 7r i

1
� τz

i

2 : � (11)

The PNC two-body currents are shown diagramatically in Fig. 2(b). The Kroll-
Ruderman andpion-pole termsarecalledas ‘pair’ and ‘pion’ terms,respectively.
Thepair termcanbederived from theminimal coupling, 
p $ 
p � e 
A, to thePNC
potential of Eq. (6). Thecurrent densityoperatorsof pairandpiontermsread
jpair

� 
x��� � e
gAhπNN

2
&

2fπ

� 
τ1 � 
τ2 � τz
1τz

2 � y0
�
r12 � 2

∑
i 0 1

σi δ 1 32 � 
x � 
r i �! (12)
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jpion
� 
x��� � e

gAhπNN

2
&

2fπ

� 
τ1 � 
τ2 � τz
1τz

2 ��;� 
σ1 � 
∂1 � 
σ2 � 
∂2 �<� 
∂1 � 
∂2 � y0
�
r1x � y0

�
r2x �! (13)

wherer12 � � 
r1 � 
r2

�
, r ix � � 
r i � 
x � . And µi

N is definedas

µi
N � 1

2

�
µS
� τz

i µV �, (14)

with µS � 0 � 88 andµV � 4 � 71. The interaction Lagrangiansof the pair andpion
termsare"

pair � 
jpair �#
A� � gA hπNN

2
&

2 fπ

� 
τ1 � 
τ2 � τz
1 τz

2 �=� 
σ1 � 
ε ei 7q 8 7r1
� 
σ2 � 
ε ei 7q8 7r2 � e

� mπ r12

4πr12
 (15)"

pion � 
jpion � 
A� � gA hπNN

2
&

2 fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � � 
σ1 � 
∂1 � 
σ2 � 
∂2 ��> d
r3
e
� mπ r13

4πr13
� 
∂3 � 
ε ei 7q 8 7r3

�
ei 7q8 7r3 
ε � 
∂3 � e

� mπr23

4πr23
� (16)

Now let usconsider theoperators in thesmallq valuesandexpand themin powers
of q. Moving to thecenterof massframe,we discardall thevariables relatedwith
thecenterof masscoordinateor its motion.

4.1 Operators in q0"
conv

�
q0 �%� 9 
p1 � 
p2

4mN
� 
ε  τz

1 � τz
2

2 :  (17)"
pair
�
q0 �%� � gA hπNN&

2fπ

� 
τ1 � 
τ2 � τz
1τz

2 � 
I � 
ε e
� mπr12

4πr12
 (18)"

pion
�
q0 �%� gA hπNN&

2 fπ

� 
τ1 � 
τ2 � τz
1τz

2 � + 
I � 
ε � 
I � 
r 
r � 
ε 1
�

mπr
r2 - e

� mπr12

4πr12
� (19)

In obtaining thepiontermat O
�
q0 � , thefollowing relations areuseful: d
r3

e
� mπr13

4πr13

e
� mπr23

4πr23
� e

� mπr12

4π
�
2mπ �  (20)
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ε �? d
r3
e
� mπr13

4πr13
� 
∂3

� 
∂3 � e
� mπr23

4πr23
� 
ε � � 
∂1 � 
∂2 � e

� mπr12

4π
�
2mπ �� � 
ε � 
r12

e
� mπr12

4πr
� (21)

Theconvectionandtwo-body termsaresummedupto give"
conv

�
q0 � � " pair

�
q0 � � " pion

�
q0 �� 9 
p1 � 
p2

4mN
� 
ε  τz

1 � τz
2

2 :� gA hπNN&
2 fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 
I � 
r 
r � 
ε 1
�

mπr
r2

e
� mπr12

4πr12� i
2 * � � 
∂r � 2

mN

�
Vpnc  
ε � 
r τz

1 � τz
2

2 /� i
2
' H  
ε � 
r τz

1 � τz
2

2 ) � (22)

Taken betweeneigenstatesof the interaction, the last expressiongives zeroasex-
pectedfrom gauge invariance whenEi � Ef . Notice that whenthe energy is not
conserved,onehasto alsotakeinto account anelectromagneticinteraction involving
the time componentof thephoton field, ε0, which combines with theabove oneto
provide themoregeneral gauge-invariantcombination,

�
q0 
ε � 
q ε0 � 
r �?�?� .

4.2 Operators in q2"
conv

�
q2 �%�A@ 
p1 � 
p2

4mN
� 
ε  * � 1

2 + 
q � 12 � 
r1 � 
r2 � - 2 / τz
1 � τz

2

2 B� � 1
16mN 9 � i 
∂r12

� 
ε  � 
q � 
r12 � 2 τz
1 � τz

2

2 :� � 1
48mN

' � i
� 
∂r12

� 2  
ε � 
r12
� 
q � 
r12� 2 τz

1 � τz
2

2 )� 1
24mN 9 � i 
∂r12

 
ε � 
q � 
r12� 2 � 
q � 
ε � 
r12 � � 
q � 
r12 � τz
1 � τz

2

2 :  (23)"
pair
�
q2 �%� � gA hπNN

2
&

2fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 
I � 
ε ' � 2
1
2
� 
q � 12 � 
r1 � 
r2 ��� 2 ) y0

�
r12 �� gA hπNN&

2fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 
I � 
ε ' 1
8
� 
q � 
r12 � 2 ) y0

�
r12 �C (24)
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"
pion

�
q2 �%� � gA hπNN

2
&

2fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 
I � � 
∂1 � 
∂2 �� 
ε � � 
∂1 � 
∂2 �  d
r3 y0
�
r13 �D@ � 1

2 * 
q � + 
r3 � 1
2

� 
r1
� 
r2 � - 2/ B y0

�
r23 �� � 1

2
gA hπNN&

2 fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 
I � � 
∂1 � 
∂2 �� + � 1
12 -E+ 
ε � 
q 
q � 
r12 � q2 
ε � 
r12

mπ
� 
ε � 
r12

2r12

� 
q � 
r12 � 2 - y0
�
r12 �� gA hπNN&

2fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 1
12

I �(' 
r12

r12
� q2 � 
ε � 
r12� � � 
ε � 
q� � 
q � 
r12� �� 
ε � 
q � 
r12 � � 
q � 
ε � 
r12 �

r12

� 
q � 
r12� � 
q � 
ε � 
q� � 
ε q2

mπ� 
r12

� 
ε � 
r12 � � 
q � 
r12 � 2
2r3

12

�
1
�

mπr12 � � 3
ε � 
q � 
r12 � 2
2r12 ) y0

�
r12 �!� (25)

In thelastpart,we gatheredtermsthatgive evidenceof currentconservation,while
the last two have to be combined with the convectioncurrent andthe pair one to
fulfill this relation. Anotherexpressionthat is usefulat thesecondorderin q is the
following (aplanewave for thecenterof massmotion is accountedfor):


ε � � 
∂1 � 
∂2 �  d
r3
e
� mπr13

4πr13
@ � 1

2
' 
q � + 
r3 � 1

2

� 
r1
� 
r2 � - ) 2 B e

� mπr23

4πr23� 
ε � � 
∂1 � 
∂2 � ' � 1
24

e
� mπr12

4π + q21
�

mπr12

m3
π

� 1
2mπ

� 
q � 
r12� 2 - )� � 1
12 
ε �F' + � 
r12

mπ
q2 � 
q

mπ

q � 
r12- � 
r12

2r12

� 
q � 
r12 � 2 ) e
� mπr12

4π
� (26)

To gettheabove expression,theYukawa functionshave beenexpressedasintegrals
over momentum variables 
k1 and 
k2. The factor, 
r3 � 1

2

� 
r1
� 
r2 � , is madeto appear

by deriving with respectto the 
k variables.Thenthe integral over 
r 3 providesa δ-
function involving 
k1 and 
k2 variables. It remains to integrateover the remaining
k variable. It is noticedthat thederivative with respectto the 
r 12 variable removes
factorsmπ atthedenominator. At thelastline, thefirst combinationof termsbetween
parenthesescanbecheckedto begaugeinvariant.

Whensumming up the threecontributions, it is seenthat termswhich do not
conserve thecurrentindividually cancelout. Only remains thecontributionsthatare
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explicitly gauge invariant. Thenthetotal interactionreads"
conv

�
q2 � � " pair

�
q2 � � " pion

�
q2 �� 1

24mN 9 i 
∂r12
 � 
ε � 
q � 
r12� 2 � 
q � 
ε � 
r12 � � 
q � 
r12� � τz

1 � τz
2

2 :� gA hπNN&
2fπ

� 
τ1 � 
τ2 � τz
1 τz

2 � 1
12

I � 9 
r12

r12 G q2 � 
ε � 
r12 � � � 
ε � 
q� � 
q � 
r12 �IH� 
ε � 
q � 
r12 � � 
q � 
ε � 
r12 �
r12

� 
q � 
r12� � 
q � 
ε � 
q� � 
ε q2

mπ : e
� mπr12

4π
� (27)

5 Calculation of Matrix Elementswith the ZRA Wave Function

5.1 ZRAwavefunction

Theradialcomponentof the 3S1 deuteron wave function in theZRA reads

ψd
�
r �J� . α

2π
e
� αr

r
 (28)

whereα � & Ed mN with the deuteron binding energy Ed � 2 � 2246 MeV. The 3P1

componentof theparityadmixed wave function is, modulo 
I � r̂,
ψ̃d
�
r ��� gA hπNN

4
&

2π fπ
 dr � r � 2G

�
r  r � � e� mπr K

r � 2 �
1
�

mπr � � ψd
�
r � �! (29)

with theGreen’s functionprojectedonthe LM� 1 space,

G
�
r  r � �N� � mN

e
� αr

r2

�
1
� αr � e� αr K � 1 � αr � � � eαr K � 1 � αr � �

2α3r � 2 θ
�
r � r � �!� (30)

5.2 Matrix elementsat q0

To make the resultsto converge, we replacein the PNC potentialexp
� � mπr � by

exp
� � mπr � � exp

� � Λr � .
Convection term� "

conv
�
q0 �����O d
r ��� 
pp

mN
� 
ε � ��O d
r ��� i

2
' � p2 � α2 �! 
r

mN
� 
ε ) � �

11



� � 2
i
2

�
2α �  d
r P e

� αr

r
Vpnc 
r � 
ε e

� αr

r Q� 2
gA hπNN&

2fπ

I � 
ε 2α

3
 dr e

� 2αr r
d
dr + e

� mπr

r
� e

� Λr

r -� � 2
gA hπNN&

2 fπ

I � 
ε� 2α

3
' log

Λ � 2α
mπ
�

2α � 2α + 1
mπ
�

2α � 1
Λ � 2α - ) � (31)

Pair term

� "
pair
�
q0 ����� 2

gA hπNN&
2 fπ


I � 
ε  d
r ' u � r �
r ) 2 + e

� mπr

4πr � e
� Λr

4πr -� 2
gA hπNN&

2 fπ

I � 
ε � 4π �  dr u2 � r � + e

� mπr

4πr
� e

� Λr

4πr -� 4α
gA hπNN&

2fπ

I � 
ε log

Λ � 2α
mπ
�

2α
� (32)

Pionic term� "
pion

�
q0 ����� � gA hπNN&

2fπ
 d
r ' u � r �

r ) 2 
I � � 
∂1 � 
∂2 � 
ε � 
r + e
� mπr

4πr � e
� Λr

4πr -� � 8π
gA hπNN&

2 fπ
 dr u2 � r � 
I � 
ε + 1 � 1

3
d
dr -R+ e

� mπr

4πr � e
� Λr

4πr -� � 4α
gA hπNN&

2fπ

I � 
ε 9 log

Λ � 2α
mπ
�

2α� 1
3
' log

Λ � 2α
mπ
�

2α � 2α + 1
mπ
�

2α � 1
Λ � 2α - )S: � (33)

It can be checked that the sum of the threetermsis zero, in agreement with the
expectationfrom current conservation. In calculatingsomeintegrals,we used dr + e

� mπr

r � e
� Λr

r - � log + Λ
mπ - � (34)
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5.3 Matrix elementsat q2

Spin term� "
spin
�
q2 �?�%� � π

µp � µn&
6mN

 dr r u
�
r � v

�
r � 
I �UT q2 
ε � 
q � 
q � 
ε �IV (35)� � 2

gA hπNN&
2 fπ

�
µp � µn � π

4π
�
2 α �� mN

12α + 1
mπ
�

2α
� mπ�

mπ
�

2α � 2 - 
I �,T q2 
ε � 
q � 
q � 
ε �WV� � gA hπNN

6
&

2 fπ
µV

mπ
� α�

mπ
�

2α � 2 
I � T q2 
ε � 
q � 
q � 
ε � V � (36)

This resultis thesamewith theonein [14] andalsobecomesequivalent to theone
obtained in [13] whentheoverall factorm2

N � � 4π � is corrected. In thecalculation, we
usedthefollowing relations: d
r e

� αr

r 
r G
� 
r  
r � �%� � mN

4α 
r � e� αr K  �  d
r � mN

4α 
r � e� α r K 
I � 
∂r K(X e
� mπr K
4πr �ZY e

� αr K
r � � mN

12α + 1
mπ
�

2α
� mπ�

mπ
�

2α � 2 - 
I �
(37)

Convection term

� "
conv

�
q2 �?��� . 3

2
@ 4π

24mN
 dr r u

�
r � v

�
r � 
I � 
ε q2� 4π

24mN
 dr r3 1

5
' u � r � v� � r � � u� � r � v

�
r � � u

�
r � v

�
r �

r )� 
I � T 
ε q2 � 2 
q � 
ε � 
q� V B� . 3
2

4π
24mN

@  dr r
2
3

u
�
r � v

�
r � 
I � T 
ε q2 � 
q � 
ε � 
q� V� 1

2
 dr r3 2

15
' u � r � v� � � r � � u� � � r � v

�
r � � 2

u
�
r � v

�
r �

r2 )
13



� 
I � T 
ε q2 � 2 
q � 
ε � 
q� V B (38)� 1
3

gA hπNN&
2 fπ

π
6

mπ
� α�

mπ
�

2α � 2 
I � T q2 
ε � 
q � 
q � 
ε � V� 1
180

gA hπNN&
2 fπ + 2α�

mπ
�

2α � 2 � 2α � 2mπ�
mπ
�

2α � 3 -� 
I �,T 
ε q2 � 2 
q � 
ε � 
q�IV[� (39)

Thesecondtermin Eq. (38)canberewrittenas� . 3
2

4π
48mN

 dr r3 2
15 + u � r � v� � � r � � u� � � r � v

�
r � � 2

u
�
r � v � r �
r2 -� � . 3

2
4π

48mN
 dr r2 2

15 + � 3u
�
r � v� � r � � 3u� � r � v

�
r � � 2

u
�
r � v � r �

r - � (40)

Pair term

� "
pair
�
q2 ����� � gA hπNN&

2 fπ

1
12
 dr r u2 � r � e

� mπr 
I � 
ε q2� � gA hπNN&
2 fπ

2α
12

1�
mπ
�

2α � 2 
I � 
ε q2 � (41)

Pion term

� "
pion

�
q2 �?�%� gA hπNN&

2fπ
 dr u2 � r � 9 1

6 + 1
mπ

� 2r
3 - 
I � T 
ε q2 � 
q � 
ε � 
q� V� r

180

�
1
�

mπr � 
I � T 
ε q2 � 2
q � 
ε � 
q� V � r
12

I � 
ε q2 4 e

� mπr� gA hπNN&
2fπ

2α
6 + 1

mπ
�
mπ
�

2α � � 2
3

1�
mπ
�

2α � 2 - 
I �UT 
ε q2 � 
q � 
ε � 
q�IV� 1
180

gA hπNN&
2 fπ + 2α�

mπ
�

2α � 2 � 2α � 2mπ�
mπ
�

2α � 3 - 
I � T 
ε q2 � 2 
q � 
ε � 
q� V� gA hπNN&
2 fπ

2α
12

1�
mπ
�

2α � 2 
I � 
ε q2 � (42)
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Summing up all the contributionsfrom convection, pair, andpion terms,onegets,
omitting thefactor 
I � T 
ε q2 � 
q � 
ε � 
q� V ,

ad � gA hπNN&
2 fπ

mπ
�
mπ
� α � � 6α

�
mπ
�

2α � � 4αmπ
18mπ

�
mπ
�

2α � 2� gA hπNN&
2 fπ

m2
π
�

3αmπ
�

12α2

18mπ
�
mπ
�

2α � 2 � (43)

This resultis thesamewith theonein [13] modulo theoverall factorm2
N � � 4π � . The

spin termis gauge-invariantby itself, which canbeverifiedeasilyby replacingthe
spin polarization 
ε with 
q in the overall factor 
I � T 
ε q2 � 
q � 
ε � 
q� V . Convectionand
piontermsareseparatedinto gauge-invariantandgauge-variantparts.Thepair term
doesnotsatisfygauge invariance.In thesumof thethreeterms,gauge-variant terms
cancelout andonly gauge-invariantcontributions remain. As a result,theanapole
moment we obtainsatisfiesgauge invarianceandthis is the first time to be shown
explicitly in thepresent case.

6 Checking the Consistency

In this Sectionwe derive theanapole momentwith thedefinition from themutipole
expansion (2). With the current operators in Eqs. (8), (9), (12), and(13) together
with thewave function (7), weobtain
aspin � � 
I hπNN µV

π&
6mN

 dr r u
�
r � v � r �! (44)
aconv � 
I hπNN

1
3

π&
6mN

 dr r u
�
r � v � r �C (45)
apair

� 
apion � 
I hπNN
gA

6
&

2 fπ
 dr u2 � r � + 1

mπ
� 2

3
r - e

� mπr � (46)

In theabovecalculation, wetakeinto account only thecentralpartof theparity-even
componentin thewave functionto makea directcomparisonwith ZRA results.

Thespin termcanbeshown to begauge-invariantby takingdivergenceof the
spincurrent operator in Eq. (8) andits resultis equalto Eq. (35). Theexpression
of the convectionterm is equal to the part that satisfiesthecurrent conservation in
Eq. (39). In contrast to Lagrangian calculation wherethereis gauge-variant con-
tributions, a multipolecalculationhasonly a gauge-invariantterm. In themultipole
calculation, 
apair and 
apion aredifferentfrom thoseobtainedin theLagrangiancalcu-
lation.Howeverthepartthatsatisfiesthegaugeinvariancein thetwo-body terms,the
first integrandin Eq. (43)is equivalentto thematrixelementof multipole expansion.
This impliesthatwhena termis notgauge-invariantby itself, its expressiondepends
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Figure3. Thediagramsof the leading ordernucleonic anapole moment.Solid, dashed, andwavy lines
represent thenucleon,pion,andphoton, respectively.

on how it is calculatedbut thegauge-invariantresultis notaffectedby thechoiceof
definitions. A similar observation wasmadein the calculationof the anapole mo-
mentof heavy nuclei [10]. The definition of multipole moment, Eq. (2), assures
gauge invarianceof the result if the relevant operatorsaretaken into consideration
properly.

7 Numerical Values

In discussingthemagnitudeof thedeuteron anapole moment,oneshouldbecareful
not to omit somesignificant contributionsotherthanthe current termsconsidered
in the previous Sections. Identifying suchtermscanbe donesystematicallywith
thecounting rule of theheavy-baryon-chiral-perturbationtheory. If themomentum
transferin a processis Q, thenthemagnitudeof theprocessis specifiedas

�
Q� Λ � ν

whereΛ is thechiralsymmetrybreaking scaleandtheorderν is givenas

ν � 2L � 2C
�

1
� ∑

i
νi � (47)

HereL is thenumberof loops,C is thenumberof disconnectednucleonlines,andν i
is givenas

νi � di
� ni

2
�

ei � 2 (48)

wheredi , ni, andei arethenumbersof derivatives,nucleon lines,andexternalgauge
fieldsat thevertex i, respectively. Applying this counting rule,onecaneasilyverify
that the 1- and2-body currents we considerareat the sameorder, ν � � 2a. An
isolatednucleoncanalsohaveananapolemoment.Theleadingcontributionsto the
nucleon anapolemoment are representeddiagramaticallyin Fig. 3. In this case,

aWe assumethat theweakπNN vertex hasνi \^] 1.
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onecanagaineasilyverify that the diagramshave theorderν � � 2. Thenucleon
anapole moment at leadingand sub-leading orders is calculatedin several works
[16–19]. Themagnitudeat leadingorderis
aN � � gA

6
&

2 fπmπ
e 
I hπNN� � 0 � 46e 
I hπNN � (49)

Thedeuteronanapole momentat leadingorder canbeobtainedby summing thecur-
rentandnucleoncontributions. With theZRA wave function, thenumerical values
of thegauge-invariantcontributionsread
aZRA

spin � � 1 � 03 e 
I hπNN  (50)
aZRA
conv

� 
aZRA
pair

� 
aZRA
pion � 0 � 18e 
I hπNN � (51)

Thedeuteronanapole moment is then
aZRA
d � 
aZRA

spin
� 
aZRA

conv
� 
aZRA

pair
� 
aZRA

pion
� 
aN� � 1 � 31e 
I hπNN � (52)

In arecent paper[15], wehavecalculatedthedeuteronanapolemoment attheleading
orderwith a realisticNN interaction model. We adoptedthedefinitionof multipole
expansion,Eq. (2),andusedthewavefunctionsfrom theArgonnev18potential. We
obtained about30% reduction in the magnitude of the deuteron anapole moment.
This amount is slightly larger thantheestimateduncertainty, 20%in [14]. However
the amount of reductionvarieswidely from term to term. The spin term which is
themostdominant contribution reducesby about half, 
aAv18

spin � � 0 � 53e 
I hπNN. The

contribution of the centralpart (3S1 channel) to this valueis � 0 � 72 e 
I hπNN. This
reduction stemspurelyfrom therealistictreatmentof thedeuteron wave functionin
whichtheeffectof ashort-rangerepulsion in S-statesaswell astheknown repulsive
characterof the NN interaction in the 3P1 channel aretaken into account properly.
In additionto thecentralpart,we calculatedthecontribution of thetensorpart( 3D1

channel) thoroughly. In contrast to smalladmixtureof D statein thedeuteron wave
function (5.76%), its destructive contribution amounts to 27%of thecentralvalue.
The combination of realistic phenomenology and tensorforce reducesthe largest
contributionby about 48%.

Thereduction of theremaining convection,pair, andpiontermsis moredrastic.
Thesumof thesetermsis only � 0 � 04 e
I hπNN for theAv18 model. Themagnitude
is lessthanonequarterof the ZRA value. As a result, the total magnitude of the
deuteronanapolemoment for theAv18model is
aAv18

d � 
aAv18
spin

� 
aAv18
conv

� 
aAv18
pair

� 
aAv18
pion

� 
aN � � 0 � 91e 
I hπNN � (53)
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8 Discussions

Theconventional electron-nucleon PNCHamiltonian is parameterizedas

He-N
PNC � Gµ&

2

�
C1Nūeγµγ5ue ūNγµuN

�
C2Nūeγµue ūNγµγ5uN �, (54)

whereGµ � 1 � 66 � 10
� 5GeV

� 2 is themuondecayconstant. Thepart that hasthe
coefficient C2N is thenucleon-spin-dependentterm. Measurementof C2N would di-
rectly indicatethehigher-ordereffectssuchasradiative correctionsor anapole con-
tributions. Radiative corrections for the deuteron were calculatedin [20], whose
resultreads

Cr
d � C2p

�
C2n _ 0 � 014 ` 0 � 003� (55)

Now we canevaluate theCana
d from theresultwe obtained. Noting that thesignof

interactiontermchangesfrom Lagrangianto Hamiltonian, wehave

Cana
d � &

2 α
Gµ e

aAv18
d � 0 � 145 hπNN � 105 � (56)

With thereasonable range of hπNN suggestedin [4], themagnitude of anapole con-
tributionranges

0 a Cana
d a 0 � 017 (57)

andat thebestvalueof hπNN, wehave

Cana
d � 0 � 007� (58)

Theabove estimationshows thatthehigher order correctionto thePNCe-d scatter-
ing canbesensitiveto themagnitudeof hπNN. Precisemeasurement of theeffect will
bevery important in narrowing thewide region thathπNN occupiesin theparameter
space.

Ourcalculationsandresultsshow thattheresultis gauge-invariant. At thelead-
ing order, the largestcontribution, spintermis gauge-invariant by itself andthenet
result is insensitive to termsthat do not satisfythegauge invariance. However the
argumentis valid only whenthemagnitudeof hπNN is aslarge asthebestvaluein
[4] or theoneobtainedfrom theanapole momentof 133Cs[11]. If hπNN is assmall
as the one from the 18F experiment[21] or in the soliton modelcalculation[22],
the dominanceof pion-exchange potentialbecomessuspectedandthe role of ρ or
ω mesonscanbe comparableto π. In that case,contribution of ρ or ω exchanges
shouldbecalculatedexplicitly andgauge invariancecanbeanimportant criterion to
interpret thecalculationstepsaswell astheresults.
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