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Abstract. We compute the low frequency tail of the power spectral density of thermal noise in the case of an
optical Fabry-Perot resonant cavity operating with Laguerre-Gauss modes of order higher than (0,0). We show

a significant reduction of the thermal noise as the order of the mode increases. We discuss the diffraction losses.

pacs 04.80.Nn; 05.40.+)

1. Introduction

In the central region of the bandwidth of present ground based interferometric gravitational wave (GW)
antennas, the main limitation to sensitivity comes from fluctuations of mirrors surfaces under random motions
of matter in the bulk material of the substrate. These fluctuations are interpreted by the readout optical beam
as a true motion of the mirror, or a GW signal as well. Tt has been shown [1] that using a “flat-top” mode in the
long resonant cavities of GW interferometric detectors results in a large reduction of internal noises of mirrors,
due to an averaging process on an area of the mirror’s surface larger than with a fundamental gaussian beam.
A model for building such modes and the corresponding mirrors has even been developed [2]. The drawback
is that one must forget spherical mirrors and produce exotic (“Mexican hat”) surfaces.

Operating a Virgo-like optical system with such mirrors raises technological problems presently under
investigation. Practical realization of such mirrors seem feasible, but the requirements on angular control
must be carefully assessed.

Using Laguerre-Gauss modes of orders larger than (0,0) could have an effect analogous to flat modes
by extending the power distribution on the mirror’s surface. Even if the achieved noise reduction is lower
than with flat modes, it is interesting to keep spherical mirrors and possibly avoid the above mentionned
technological issues.

This 18 why 1t was interesting to compute the spectral density of noise in such a case and test this
conjecture.

We shall see at the end that the reduction factor turns out to be even larger than with flat modes,

depending on the orders of the mode.
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2. The BHV model

In the case where both the mirrors and the beam are assumed axisymmetrical, there exists a model allowing
an accurate calculation of the low frequency tail of the spectral densities of internal noises. As a result of
Levin’s [3] theory The power spectral density (PSD) of displacement equivalent to thermal noise takes the

general (low frequency) form :
4kpT

where ¢ 1s a loss angle, and where U is the strain energy of the mirror under a pressure distribution having

the same profile as the readout beam, and normalized to 1 N.
Then an analytical method for computing U has been developped in [BHV] [4] then amended in [5]. For

summarizing the result, the total internal energy is the sum of two contributions:
U =1Us + AU

that can be computed separately. Let a be the radius of the mirror and h its thickness. Tet .J,(z) be the
Bessel functions, and {{s, k¥ > 0} the family of all non-zero solutions of J1(¢) = 0. Let us note zx = (xh/a,
and ¢x = exp(—22p). Let Y be the Young modulus of the mirror’s material and o its Poisson ratio.
Then we have:
Uy = 1—;2 T J5 (G )pi 1—q}ij4quk2 @)
maY = G (- q)? - dqeg
The dimension of U is J.N72. (See the VPB [6] for details).

In the preceding expression the Fourier-Bessel coefficients {pi, & > 0} are determined by the pressure

profile. If we denote by p(r) this pressure distribution, we have:
27 /a
Pk = =5 p(r)Jo((pr/a) rdr 3
o= g [ p) TG/ 3

For the second contribution, we have:
h\* h\?

<—> +120¢ <—> +72(1— a)gzl (4)
a a

€= pedo(Cr)/CE

k>0

a2

AU = ———
v 6mh3Y

with

At this level, the computation amounts to find the py.

3. Power profiles

In the case of a Gaussian TEMg, readout mode, we consider its normalized amplitude

Yoo(r) = %exp(—rz/wz),

p(r) = [Woo(r)|

the pressure distribution is then:

and the py, coefficients are [4]:
O exp |— i
pk‘,o - ]O(Ck)z P 802

The preceding result can be extended to the case of any axisymmetrical Laguerre-Gauss mode LG, ,,. It is

well known that the paraxial diffraction equation (relevant for finding the eigenmodes of a resonant cavity

with weakly spherical mirrors) admits solutions of the form (in polar coordinates)

2 m!
Wom(16,3) = | oty I exp(r ) (27 e LD 2 ()
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Figure 1. Pressure profiles. (0,0): dotted, (4,1): dashed, (5,5): solid

x exp(ing) exp[—i(2m + n + 1) arctan(z/zg)] exp[irr? /AR(z)] (5)
where the ng)(x) are the Generalized Laguerre polynomials. X is the wavelength and zr the Rayleigh
parameter. The functions w(z) and R(z) define respectively the half-width of the mode, and the curvature
radius of its wavefront. Tn what follows, we only need w(z). At the location zy of a mirror, the normalized
pressure distribution has therefore the general expression (w = w(zp)):

2 m!

mm exp(—2r? Jw?) (2r? Jw?)" Lﬁ,?(Qr?/w?)?

(1) =

If the ratio w/a is large enough that the diffraction losses are small, we can replace the finite upper bound of

integral (3) by 400, and the Fourier-Bessel coefficients are simply:

.1 Gu?l oy (G 0 (Guw?
Pem = 7002 eXp[_ saz | T\ gaz ) Tom \ g2

If the diffraction losses are not small, the preceding expression losses some accuracy, but simultaneously

the corresponding mode losses its practical interest. The pressure profiles on the input mirror for some among
the first Laguerre-Gauss modes of parameter w = 3.5 cm are represented on Fig.1. See on Fig.?? the intensity
pattern of a LGs 5 (for instance) mode. The integrated power (Fig.3) clearly show a smoother distribution of
power on the mirror’s surface. The virtual deformation of the mirror’s surface under a pressure normalized to
1 N can be seen on Fig.4 with again w=3.5 cm. The radius of the mirror is assumed a= 17.5 cm, its thickness

h= 10 cm. One clearly sees that the strain is a decreasing function of the orders ((n,m)) of the mode.

4. Relative gains on thermal noise

With the current parameters a= 17.5 cm, h = 10 ecm, w= 2 cm (For instance Virgo input mirrors), if we insert

the preceding pf . in equations 2 and 4, we find for the fundamental:

UL = 1.811071°N"2 AUCY = 2107 1IN"? = 709 = 2,021071%IN"2 (6)
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Figure 2. Intensity pattern of a LG5 5 mode of Gaussian parameter w = 3.5 cm. The faint circle represents

the edge of a 17.5 cm radius mirror (units: m).

then, for instance

U™ = 1.03107°I N2 AUOD = 21071 IN"2 = pO) = 123 10710J.N"2 (7)
and

Ul = 763107 IN"2 AUOD = 19107 MIN"? = U0 = 9511071 IN"2 (8)

vl = 613107 IN"2 AU = 178 107 IN"2 = U = 791 1071IN"2  (9)
For comparison, with a flat mode of radius 0.1 m, we have

Uit = 1.60 107MIN"2 AU™ = 1.1 107" N2 = U™ = 2651071 IN"2  (10)
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Figure 3. Integrated power for LG5 5 (solid line) and LG o (dashed line) (w=3.5 cm)

n=0, m=3 n=5m=5

Figure 4. Deformation under LGy, 5, readout beam (w:3.5 cm) of a cylindrical mirror (a: 17.5 cm, h= 10

cm). (exaggerated by a factor of 6x 107)
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Figure 5. Relative reduction in root spectral density of thermal noise vs order m of the LG mode (each 1

ppm diffraction losses). n = 0, ...,8 (from squares to down pointing triangles)

The gains in root spectral density of noise are for the first modes:
UL /o) ~ (.78
U©02) /00 ~ (.69

U©03) /17000 ~ 0.63

HH

[fiat /17(00) ~ 0.36

!

For comparison, we consider a flat mode as proposed in [2], built by convolution of an elementary TEMg o
of half-width wo with a disk of radius b. For a 17.5 radius mirror, the parameters could be w = 3 ¢m, b =
11.3 cm. By increasing the order of the LG mode and the beam half-width w, it is possible to reach gains
comparable to this flat mode. On Fig.5, we show the gains relative to the standard situation of Virgo (LG(0,0)7
w=2 cm) for several higher order modes having each a w parameter adjusted to set diffraction losses at 1 ppm;
the gain of a flat mode of size 11.3 ¢cm (having the same losses is also shown). On Fig.6 we show the ratio
a/w insuring diffraction losses of 1 ppm, versus orders of the mode. Unfortunately, the diffraction losses also
increase with the mode order. They remain negligible on the input mirror, where the Gaussian parameter of
the beam is wg = 2 cm, but they explode on the end mirror where the beam parameter is wy, = 5.46 cm . This
i1s a consequence of the design of the Virgo cavity involving a flat input mirror and a spherical end mirror.
Symmetrical cavities with two spherical identical mirrors are also possible. In this case, beam sizes about 3
cm give acceptable results (see Fig..7).

To be specific, let us compute the spectral densities of displacement equivalent to thermal noise in three

cases. Firstly, in the case of a TEMg ¢, w = 2 cm beam on a Virgo input mirror:

[100Hz]1/2

SY2(f) = 1.031071° m.Hz~1/? (11)
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Figure 7. ratio a/w insuring 1 ppm diffraction losses of vs order of the LG mode
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then for a w = 3.5 cm:

[100Hz]"/?
SY2(f) = 7.901072 O(} N e (12)
and now for a LGs 5, w = 3.5 cm:
-1 H 11/2
SU2(f) = 1.69107%° O(} N (13)

If we compare the 1st example (standard Virgo) to the third (in some “advanced Virgo”), we note a gain factor

of ~ 6 in sensitivity in the 100 Hz region.

5. Conclusion and perspectives

It 1s possible to have a reduction of thermal noise comparable to or even better than that obtained with flat
modes, by using moderately high order (roughly n +m > 6) Laguerre-Gauss axisymmetrical modes. Tt seems
beneficial that these modes are compatible with spherical cavity mirrors instead of "Mexican" surface shapes.
The diffraction losses on the end mirror would however be too large in the present design (flat/spherical) of
the Virgo cavities (2 cm waist on flat input mirror). If the flat /spherical cavities are replaced by symmetrical
spherical /spherical cavities, this issue could be overcome. The question of generation of such modes having
complex annular patterns could be solved by the recently developed fiber technology (Bragg fibers), allowing to
design fiber-lasers with comparable mode structures. A study of the optical stability of such a cavity operating
with a LG, ,,, mode is now necessary to confirm that it could be practically operated this way. In particular,

the issue of the degeneracy of modes having the same n + 2m is to be addressed.
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