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RECURSIVE FRAGMENTATION MODEL WITH QUARK SPIN. APPLICATION TO QUARK POLARIMETRY 1

An elementary recursive model accounting for the quark spin in the fragmentation of a quark into mesons is presented. The quark spin degree of freedom is represented by a two-components spinor. Spin one meson can be included. The model produces Collins effect and jet handedness. The influence of the initial quark polarisation decays exponentially with the rank of the meson, at different rates for longitudinal and transverse polarisations.

Introduction

Present Monte-Carlo event generators of quark and gluon jets do not include the parton spin degree of freedom, therefore do not generate the Collins [1] and jet handedness [2] effects. These are azimuthal asymmetries bearing on one, two or three hadrons, which can serve as quark polarimeters. However the asymmetries may strongly depend, in magnitude and sign, on the quark and hadron flavors and on the transverse momenta p T and scaled longitudinal momenta z of these hadrons. Therefore a good knowledge of this dependence is needed for parton polarimetry. Due to the large number of kinematical variables, a hadronisation model which takes spin into account is urgently needed as a guide.

The semi-classical Lund 3 P 0 mechanism [3], grafted on the string model, can generate a Collins effect [4], but not jet-handedness. Here we propose a fully quantum model of spinning quark fragmentation, based on the multiperipheral model. It reproduces the results of the 3 P 0 mechanism and also contains the jet-handedness effect.

2 Some recalls about quark fragmentation Figure 1 describes the creation of a quark "q 0 " and an antiquark "q -1 " in e + e -annihilation or W ± decay, followed by the hadronisation,

q 0 + q-1 → h 1 + h 2 ... + h N . (1) 
Looking from rigth to left, one sees it as the recursive process (see [5] and ref. 4 of [6]), q N ≡ q -1 is a "quark propagating backward in time" and k N ≡ -k(q -1 ).

q 0 ≡ q 0 → h 1 + q 1 q 1 → h 2 + q 2 • • • q N -1 → h N + q N 4-momenta : k 0 = p 1 + k 1 , k 1 = p 2 + k 2 , • • • k N -1 = p N + k N .

Kinematical notations :

k 0 = k(q 0 ) and k(q -1 ) are in the +ẑ and -ẑ directions respectively. For a quark, t n ≡ k nT . For a 4-vector, a ± = a 0 ± a z and a T = (a x , a y ). We denote by a tilde the dual transverse vector ãT ≡ ẑ × a T = (-a y , a x ).

In Monte-Carlo simulations, the k n are generated according to the splitting distribution

dW ( q n-1 → h n + q n ) = f n (ζ n , t 2 n-1 , t 2 n , p 2 nT , ) dζ n d 2 t n , ζ n ≡ p + n /k + n-1 .
In particular the symmetric Lund splitting function [3],

f n ∝ ζ a n-1 -an-1 n (1 -ζ an ) exp -b (m 2 n + p 2 nT )/ζ n , (3) 
inspired by the string model, fulfills the requirement of forward-backward equivalence.

On can also consider [6] the upper part of Fig. 1 as a multiperipheral [7] diagram with the Feynman amplitude

M q 0 +q -1 →h 1 ...+h N = v( k -1 , S -1 ) Γ q N ,h N ,q N-1 (k N , k N -1 ) ∆ q N-1 (k N -1 ) • • • • • • ∆ q 2 (k 2 ) Γ q 2 ,h 2 ,q 1 (k 2 , k 1 ) ∆ q 1 (k 1 ) Γ q 1 ,h 1 ,q 0 (k 1 , k 0 ) u(k 0 , S 0 ) . (4) 
S 0 and S -1 are the polarisation vectors of the intial quark and antiquark. S 2 = 1, S z = helicity, S T = transversity. Γ and ∆ are vertex functions and propagators which depend on the quark momenta and flavors. Note that Fig. 1 is a loop diagram : k 0 is an integration variable, therefore the "jet axis" is not really defined. Furthermore, in Z 0 or γ * decay, the spins q 0 and q-1 are entangled so that one cannot define S 0 and S -1 separately.

Collins and jet-handedness effects. Let us first assume that the jet axis (quark direction) is well determined :

-the Collins effect [1], in q → h+X, is an asymmetry in sin[ϕ(S)-ϕ(h)] for a transversely polarized quark. The fragmentation function reads 

F (z, p T ; S T ) = F 0 (z, p 2 T ) (1 + A T S T .p T /|p T |) (p T ≡ ẑ × p T ) . (5) 
A T = A T (z, p 2 T ) ∈ [-1, +1
] is the Collins analysing power. -jet handedness [2], in q → h + h ′ + X, is an asymmetry in sin[ϕ(h) -ϕ(h ′ )] proportional to the quark helicity. The 2-particle longitudinaly polarised fragmentation function is

F (z, p T , z ′ , p ′ T ; S z ) = F 0 (z, p 2 T , z ′ , p ′ T 2 , p T • p ′ T ) 1 + A L S z pT .p ′ T |p T • p ′ T | . ( 6 
)
A L = A L (z, p 2 T , z ′ , p ′ T 2 , p T .p ′ T ) ∈ [-1, +1
] is the handedness analysing power. p1T • p ′ T is the same as ẑ • (p T × p ′ T ). If the jet axis is not well determined, an additional fast hadron, h ′ or h ′′ is needed. The z axis is taken along P = (p+p ′ ) (Collins) or P = (p+p ′ +p ′′ ) (handedness). In this way, we define the 2-particle relative Collins effect (also called interference fragmentation) and the three-particle jet handedness, which corresponds to the original definition of [2].

The Lund 3 P 0 mechanism [3]. Figure 2 depicts the decay of the initial massive string accompagnied with the creation of a q q pairs. Forgetting transverse oscillations of the initial string, the transverse hadron momenta come from the internal orbital motions of the pairs. After a tunnel effect the q and q of a pair become on-shell and their relative position r ≡ r(q)r(q) is along -ẑ. The pair is assumed to be in the 3 P 0 state, which has the vacuum quantum number. The relative momentum k ≡ k(q) = -k(q) and the orbital angular momentum L = r × k are such that ẑ • [k T × L] < 0. In the 3 P 0 state s q = s q = -L/2 . As a result, the transverse spins of q and q are correlated to their transverse momenta :

ẑ • [k T (q) × s q ] > 0 , ẑ • [k T (q) × s q] < 0 . (7) 
The correlation can be transmitted to a baryon. Then ẑ • [p T × s B ] has the sign of s q .s B . This can explain transverse spin asymmetries in hyperon production [3].

Application to the Collins effect [4]. In Fig. 2, q 0 is polarised along the direction +ŷ toward the reader and h 1 is a pseudoscalar meson, for which s(q 0 ) =s(q 1 ) . Then q 1 and q1 are polarised along -ŷ and, according to (7), k T (q 1 ) = p T (h 1 ) is in the +x direction. This provides a model for the Collins effect. Fig. 2 also indicates that, for a sequence of pseudoscalar mesons, the Collins asymmetries are of alternate sides. Besides, q n-1 and qn go on the same side, which enhances the asymmetry. It may explain why π - from u-quarks have a strong Collins analysing power. Note that this effect also enhances p 2 T , independently of the q 0 polarisation.

A simplified multiperipheral quark model

In Eq.( 4), let us replace Dirac spinors by Pauli spinors. A minimal model, restricted to the direct emission of pseudoscalar mesons, is built with the following prescriptions : 1) replace u(k 0 , S 0 ) and v(k -1 , S -1 ) ≡ -ū(k q-1 , -S q-1 ) γ 5 by the Pauli spinors χ(S 0 ) and

-χ † (-S -1 ) σ z , 2) assume no momentum dependence of Γ , 3) replace γ 5 by σ z , 4) replace the usual pole (k 2 -m 2 q ) -1 of ∆ q (k) by the (k L , k T ) separable form D q (k) = g q (k + k -) exp(-Bt 2 /2) , (8) 5 
) replace the usual numerator m q + γ.k by µ q (k + k -, t 2 ) + iσ. t . These prescriptions respect the invariance under the following transformations :

-rotation about the z-axis, -Lorentz transformations along the z-axis (longitudinal boost), -mirror reflection about any plane containing the z-axis (parity), -forward-backward equivalence.

The jet axis being fixed, full Lorentz invariance is not required, whence the separate dependences of D q and µ q in k + k -and t 2 . In item 5), µ+iσ. t is reminiscent of the mesonbaryon scattering amplitude f (s, t)+ig(s, t) σ.(p×p ′ ). Single-spin effects are obtained for ℑm µ = 0. The choice of putting the spin dependence in the propagators rather than in the vertices is inspired by the 3 P 0 mechanism : in both models the polarisation germinates in the quark line between two hadrons. For a fast investigation of the model, we make the further approximations : -Neglect the influence of the antiquark flavor and polarisation in the quark fragmentation region. This is allowed at large invariant q 0 + q-1 mass.

-Discard the interference diagrams. For a given final state, the rank ordering of hadrons in the multiperipheral diagram is not unique and differently ordered diagrams can interfere. This interference (and the resulting Bose-Einstein correlations) will be neglected.

-Disentangle k ± and k T . We will assume that µ q (k + k -, t 2 ) is constant or a function of t 2 only. Thus we have no more "dynamical" correlation between longitudinal and transverse momenta. However there remains a "kinematical" correlation coming from the mass shell constraint

(k n-1 -k n ) 2 ≡ (k + n-1 -k + n )(k - n-1 -k - n ) -(t n-1 -t n ) 2 = m 2 (h n ) . (9) 
In the following we will ignore the (t n-1t n ) 2 term. This approximation is drastic for pion emission because t 2 > m 2 π . We only use it here for a qualitative investigation of the spin effects allowed by the multiperipheral model. Thanks to it, the t's become fully decoupled from the k ± n and kinematically decorrelated between themselves. They remain correlated only via the quark spin.

p T -distibutions in the quark fragmentation region. With the above approximations we can treat the process (2), at least in p T -space, like a cascade decay of unstable particles, which has no constraint coming from the future. The joint p T distibution of the n first mesons is proportional to

I(p 1T , p 2T , ...p nT ) = exp(-B t 2 1 -B t 2 2 ... -B t 2 n ) Tr M 12...n 1 + S 0 .σ 2 M † 12...n , (10) with 
M 12...n = M n • • • M 2 M 1 , M r = (µ r + iσ. tr ) σ z . (11) 

Applications to azimuthal asymmetries

In this section we will calculate azimuthal asymmetries for particles of definite ranks. For comparison with experiments, one should mix the contributions of different rank assignments. For simplicity we take a unique and constant µ for all quark flavors.

First-rank Collins effect. Applying (10)(11) for n = 1 gives

I(p 1T ) = exp(-Bt 2 1 ) |µ| 2 + t 2 1 -2 ℑm(µ) t1 .S , (12) 
with t 1 = -p 1T . For complex µ one has a Collins asymmetry (cf Eq.5) with

A T = 2 ℑm(µ) |p 1,T | |µ| 2 + p 2 1,T ∈ [-1, +1] . (13) 
If ℑm(µ) > 0 it has the same sign as predicted by the 3 P 0 mechanism.

Joint p T spectrum of h 1 and h 2 . Applying (10)(11) for n = 2 one obtains

I(p 1T , p 2T ) = exp(-Bt 2 1 -Bt 2 2 ) { (|µ| 2 + t 2 1 ) (|µ| 2 + t 2 2 ) -4t 1 .t 2 ℑm 2 (µ) + 2 ℑm(µ) S. t1 (2 t 1 .t 2 -|µ| 2 -t 2 2 ) + 2 ℑm(µ) S. t2 (|µ| 2 -t 2 1 ) -2 ℑm(µ 2 ) S.(t 1 × t 2 ) } , (14) 
with

t 1 = -p 1T , t 2 = -(p 1T + p 2T ) and S • (t 1 × t 2 ) = S z p1T • p 2T .
The last line contains jet handedness (cf Eq.6), of analysing power

A L = -2 ℑm(µ 2 ) |p 1T × p 2T | (|µ| 2 + t 2 1 ) (|µ| 2 + t 2 2 ) -4t 1 .t 2 ℑm 2 (µ) ∈ [-1, +1] . ( 15 
)
The second line contains the Collins asymmetry of h 1 . Both 2 nd and 3 rd lines contribute to the h 2 one after integration over t 1 , and to the relative 2-particle Collins asymmetry, which bears on

r 12 = z 2 p 1T -z 1 p 2T z 1 + z 2 = z 1 z 1 + z 2 t 2 -t 1 . ( 16 
)
Note that Collins and jet-handedness asymmetries are not maximum for the same value of arg(µ). This is related to the positivity [8] constraint

A 2 L (p 1T , p 2T ) + A 2 T (p 1T , p 2T ) ≤ 1 . ( 17 
)

Evolution of the polarisation of the cascading quark

Let us first assume that t 1 , t 2 , ... t n are fixed and consider the spin density matrix ρ n = (1 + S n .σ)/2 of q n at the (n + 1) th vertex :

ρ n = R n / Tr{R n } , R n = M 12...n 1 + S 0 .σ 2 M † 12...n . ( 18 
)
If ρ 0 is a pure state (det ρ 0 = 0), then ρ n is also a pure state ; no information is lost.

Let us now integrate over t 1 , t 2 , ... t n (equivalently over p 1T , ...p nT ). It leads to a loss of information. The spin density matrix of q n becomes ρn = Rn / Tr{ Rn } ,

Rn = d 2 t 1 ... d 2 t n M 12...n 1 + S 0 .σ 2 M † 12...n . (19) 
R n and Rn obey the recursion relations

R n = M n R n-1 M † n , Rn = d 2 t n M n Rn-1 M † n . ( 20 
)
At t's, the left equation gives (setting µ = µ ′ + iµ ′′ ) :

S n = 1 C 2µ ′′ tn + R[ẑ, ϕ n ]   t 2 -|µ| 2 0 -2|t| µ ′ 0 -|µ| 2 -t 2 0 2|t| µ ′ 0 |µ| 2 -t 2   R[ẑ, -ϕ n ] S n-1 , (21) 
with (12), where we replace {S, t 1 } by {S n-1 , t n }, and (21), we generate the successive transverse momenta with the Monte-Carlo method. From (21) we learn :

C = Tr{R n } = |µ| 2 + t 2 n -2µ ′′ tn • S n-1 . The rotation R[ẑ, ϕ n ] about ẑ brings x along t n . Iterating
-if ℑm µ = 0, the inhomogeneous term in µ ′′ tn is a source (or sink) of transverse polarisation : one can have S nT = 0 even with S n-1 = 0.

-helicity is partly converted into transversity along t n and vice-versa.

The last fact explains the mechanism of jet handedness in this model : first, the helicity S z0 is partly converted into S 1T parallel to p 1T , then S 1T produces a Collins asymmetry for h 2 in the plane perpendicular to p 1T .

Let us now consider the t-integrated density matrix. The right equation in (20) gives 

S n,z = D LL S n-1,z , S n,T = D T T S n-1,T ; D LL , D T T ∈ [-1, +1] , (22) 
D LL D T T = d 2 t exp(-Bt 2 ) |µ| 2 -t 2 -|µ| 2 d 2 t exp(-Bt 2 ) (|µ| 2 + t 2 ) . (23) 
Indeed, 2D T T = -1 -D LL . This is due to the zero spin of h n (compare with text after Eq.(4.87) of [8]). The negative value of D T T leads to Collins asymmetries of alternate signs, in accordance with the 3 P 0 mechanism. It comes from the σ z vertex for pseudoscalar mesons. For scalar mesons we replace σ z by 1. In this case D T T is positive, q n-1 and qn tend towards opposite sides and the Collins effect is small, except for h 1 . This is also the prediction of the 3 P 0 mechanism.

Inclusion of spin-1 mesons

For a J P C = 1 --vector meson and the associated self-conjugate multiplet, the "minimal" emission vertex written with Pauli matrices is

Γ = G L V * z 1 + G T σ.V * T σ z , ( 25 
)
where V is the vector amplitude of the meson normalised to V .V * = 1. It is obtained from the relativistic 4-vector V µ first by a longitudinal boost which brings the hadron at p z = 0, then a transverse boost which brings the hadron at rest. For a J P C = 1 ++ axial meson of amplitude A, the "minimal" emission vertex is

Γ = GT σ.A * T . (26) 
It differs by a σ z matrix from the second term of (25). A term of the form GL A * z σ z with constant GL is not allowed by the forward-backward equivalence.

Let us treat the case where the 1 st -rank particle is a ρ + meson and fix the momenta p(π + ) and p(π 0 ) of the decay pions. Then V µ ∝ p(π + )-p(π 0 ), which is real, corresponding to a linear polarisation. Replacing the σ z coupling of ( 11) by ( 25) we obtain

I(p T , V ) = exp(-Bt 2 ) |G T | 2 × { (|α| 2 V 2 z + V 2 T ) (|µ| 2 + t 2 ) -4V T .t V z ℑm(α) ℑm(µ) + 2 ℑm(µ) |α| 2 V 2 z S. t + 2 ℑm(α) (|µ| 2 + t 2 ) V z V T . S + 2 ℑm(µ) (V T . t V T .S + V T .t V T . S) + 4 ℜe(α) ℑm(µ) S z V z V T . t } , (27) 
with t ≡ t 1 = -p T (ρ + ) and α ≡ G L /G T . Let us comment this formula :

• The 2 nd line is for unpolarised quark. It gives some tensor polarisation.

• The 3 rd line is a Collins effect for the ρ + as a whole, opposite to the pion one (compare with (12) and only for longitudinal linear polarisation, in accordance with the 3 P 0 mechanism. For V 2 z = 1/3 (unpolarized ρ + ) and α = 1 one recovers the Czyzewski prediction [9] A T (leading ρ)/A T (leading π) = -1/3. • The 4 th line gives an oblique polarisation in the plane perpendicular to S T corresponding to ĥ1 or h 1LT of [10,11]. After ρ + decay, it becomes a relative π + -π 0 Collins effect.

• The 5 th line is a new type of asymmetry, in sin[2ϕ(V ) -ϕ(t) -ϕ(S)].

• The last line also gives an oblique polarisation, but in the plane perpendicular to p T (ρ + ). After ρ + decay, it becomes jet-handedness. Indeed, ignoring an effect of transverse boost, we have

V T ∝ p T (π + ) -p T (π 0 ), therefore V T . t ∝ -p T (π + ) × p T (π 0 ).

Conclusion

For the direct fragmentation of a transversely polarised quark into pseudo-scalar mesons, the model we have presented has essentially one free complex parameter µ and reproduces the results of the semi-classical 3 P 0 mechanism : large asymmetry for the 2 nd -rank meson, Collins asymmetries of alternate sides for the subsequent mesons. In addition, it possesses a jet-handedness asymmetry, generated in two steps : partial transformation of helicity into transversity, then Collins effect.

We have also considered the inclusion of spin-1 mesons. When longitudinally polarised, a leading vector meson has a Collins asymmetry opposite to that of a pseudoscalar, as also expected from the 3 P 0 mechanism. The decay pions of a ρ meson exhibit a relative Collins effects as well as jet-handedness. These effects are associated to oblique linear polarisations of the ρ meson. The fact that two pions coming from a ρ show the same spin effects as two successive "direct" pions is reminiscent of duality.

Even for unpolarised initial quarks, the spin degree of freedom of the cascading quark has to be considered. It enhances the p 2 T of the pseudoscalar mesons compared to scalar and longitudinal vector mesons.

A next task for building a realistic Monte-Carlo generator with quark spin is to take into account the (t n-1t n ) 2 term in (9). One must also be aware that there exist other mechanisms of spin asymmetries in jets. For example the Collins effect can be generated by the interference between direct emission and the emission via a resonance [12].
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 2 Figure 2. String decaying into pseudoscalar mesons.

  Analytical values : D LL = (ξ -1)/(ξ + 1) and D T T = -ξ/(ξ + 1) with ξ = B|µ| 2 . The geometrical decays of |S n,z | and |S n,T | along the quark chain occur at different speeds. They are similar to the decays of charge and strangeness correlations. D LL and D T T saturate a Soffer-type [8] positivity condition 2|D T T | ≤ 1 + D LL .