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Chapter 1

PAIRING CORRELATIONS AND THERMODYNAMIC
PROPERTIES OF INNER CRUST MATTER
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2 Institute of Physics and Nuclear Engineering, 76900 BuestaRomania

January 13, 2012
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ity.
Abstract

In this review paper we discuss the effects of pairing cati@hs on inner crust
matter in the density region where nuclear clusters areasgipto coexist with non-
localised neutrons. The pairing correlations are treatatié framework of the finite
temperature Hartree-Fock-Bogoliubov approach and ustng mnge nuclear forces.
After a shortintroduction and presentation of the formmalvge discuss how the pairing
correlations affect the structure of the inner crust matter, the proton to neutron
ratio and the size of Wigner-Seitz cells. Then we show howpthieing correlations
influence, though the specific heat of neutrons, the therat#din of the crust in the
case of a rapid cooling scenario.

*E-mail jerome.margueron@ipno.in2p3.fr
fE-mail sandulescu@theory.nipne.ro
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1. Introduction

The superfluid properties of the inner crust of neutron dtax® been considered long ago
in connection to the large relaxation times which follow ¢fient glitches. Thus, according
to the present models, the glitches are supposed to be ggthdnathe unpinning of the
superfluid vortex lines from the nuclear clusters immersethé inner crust of neutron
stars [1, 47]. Later on the superfluidity of the inner crustterawas also considered in
relation to the cooling of isolated neutron stars [34, 13],anore recently, in the thermal
after-burst relaxation of neutron stars from X-ray transg56, 13, 29].

The superfluid properties of the inner crust are essentaggrmined by the non-
localized neutrons. For baryonic densities smaller thasutih.4 x 104 g cnmi™3 the
non-localized neutrons are supposed to coexist with niagtes clusters [11, 43]. At higher
densities, before the nuclear matter becomes uniform gh&ons and the protons can form
other configurations such as rods, plates, tubes and bulpités

A microscopicab initio calculation of pairing in inner crust matter should takenint
account the polarization effects induced by the nuclearimmedipon the bare nucleon-
nucleon interaction. This is a very difficult task which ig get completely solved even for
the infinite neutron matter. Thus, compared to BCS calauativith bare nucleon-nucleon
forces, most of variational or diagrammatic models prefticinfinite matter a substantial
reduction of the pairing correlations due to the in-mediwtapsation effects [36]. On the
other hand, calculations based on Monte Carlo techniquestigbifor dilute neutron matter
results closer to the BCS calculations (for a recent study2@}).

A consistent treatment of polarization effects on pairimgtill missing for inner crust
matter (for a recent exploratory study see [6]). Thereforgresent the most advanced mi-
croscopic model applied to inner crust matter remains thérétaFock-Bogoliubov (HFB)
approach. Pairing correlations have been also considerd¢dei Quasiparticle Random
Phase Approximation (QRPA)(see Section 2.1 below) inigatio the collective modes
in inner crust matter [31]. However, a systematic invesiigaof the effect of collective
QRPA excitations on thermodynamic properties of innertamegter is still missing.

The scope of this chapter is to show how the HFB approach caisduto investigate
the effects of pairing correlations on inner crust mattepprties. Hence, in the first part
of the chapter we will discuss the influence of pairing, ®dain HFB approach at zero
temperature, on the structure of inner crust matter. Theinguthe HFB approach at finite
temperature, we will show how the pairing correlations ctffine specific heat and the
thermalization of the inner crust matter in the case of adrapbling scenario.

In the present study we will focus only to the region of theeinorust which is sup-
posed to be formed by a bbc crystal lattice of nuclear clastenbedded in non-localized
neutrons. The crystal lattice is divided in elementaryscefhich are treated in the Wigner-
Seitz approximation.
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2. Treatment of pairing in the inner crust of neutron stars

2.1. Finite-temperature Hartree-Fock-Bogoliubov approah

In this section we discuss the finite-temperature HFB appration for a Wigner-Seitz cell
which contains in its center a nuclear cluster surroundea tigutron gas. The cell contains
also relativistic electrons which are considered unifgrdistributed.

In principle, the HFB equations should be solved by respgdtie bbc symmetry of the
inner crust lattice. However, imposing the exact latticensyetry in microscopic models
is a very difficult task (for approximative solutions to tiusoblem see Refs. [18, 26] and
the references therein). We therefore solve the HFB equatior a spherical WS cell,
as commonly done in inner crust studies [43, 3]. Since werderdsted to describe the
thermodynamic properties of the inner crust matter, weqmekere the HFB approach at
finite temperature.

The HFB equations for a spherical WS cells have the same ferforasolated atomic
nuclei. Thus, for zero range pairing forces and sphericairsgtry, the HFB equations at
finite temperature are defined as [24],

hrg(r) =2y Ary(r) Uar) \ _ pp ( Uialr) n
Arq(r) —hr1g(1) + Aq Vig(r) P\ Vig(r) ’
whereF; , is the quasiparticle energys; , = \/(e@q —A\g)? + A7, Ui g(r) andV 4 (r) are
the components of the HFB wave function ands the chemical potential( = n, p is the
index for neutrons and protons) . The quantity,(r) is the thermal averaged mean field
hamiltonian and\7 ,(r) is the thermal averaged pairing field.

In a self-consistent HFB calculation based on a Skyrme-fgpee, as used in the
present studyhr () and Ar,(r) are expressed in terms of thermal averaged densities,
i.e., particle densityr 4(r), kinetic energy densityr (), spin density.Jr,(r) and, re-
spectively, pairing densityr,(r). The thermal averaged densities mentioned above are
given by [53]:

pra(r) = =3 010 [Via()P( = fi) + Ui ()P ] @

2 i,g\T ? i,q\li g
Trg(r) = ﬁzgﬂq{[(dmﬂ()‘v}()) +l’(l,:z“)m<r>2] (1= fig)

o |(Lealr) _ Vial))", ol 1)Ui,q(7“)2] f} O
Jrg(r) = ﬁ Z Jix (ji,q(ji,q +1) —lig(lig+1) - Z)

X ([Vig(M)P(1 = fig) + |Usg (1) i) (@)
ralr) = g 0 ULVialr)1 = 2, ©)

wheref; , = [1 +exp(E; ,/T)] ! is the Fermi-Dirac distribution of quasiparticles, T is the
temperature expressed in energy units, and= 2j; , + 1 is the degeneracy of the state
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with angular momentury;. The summations in the equations above are over the spectrum
of bound nucleons which form the nuclear cluster and of undmeutrons which form the
neutron gas. A constant density at the edge of the WS cellt&@rsud imposing Dirichlet-
Von Neumann boundary conditions at the edge of the cell [48], all wave functions of
even parity vanish and the derivatives of odd-parity wavetions vanish.

The nuclear mean field has the same expression in terms otideras in finite nu-
clei [19]. However, for a WS cell the Coulomb mean field of prat has an additional
contribution coming from the interaction of the protonshwtite electrons given by

. 1
uéoul(r) = —¢2 /d3r' pe(r) T (6)

|r —r

Assuming that the electrons are uniformly distributeddedhe cell, with the density, =
3Z/(4T R}, ¢), one gets

. 1 Ze? ro\?
U (1) = —27¢% pe (R%VS - §r2> = R (( RWS) - 3) 7

It can be seen that inside the WS cell the contribution of tliéop-electron interaction to
the proton mean field is quadratic in the radial coordinate.
The pairing field is calculated with a zero range force of thiik#ving form

VPair,q(rh rj) = ‘/O gPair,q[pT,n(r)7 pT,p(r)](l - PU)(S(rij) ’ (8)

whereP, = (1 + &1 - 62)/2 is the spin exchange operator. For this interaction thergair
field is given by
Ar4(1) = Vo gpair,g[pr,n (1), p1,p(T)] K74(7). 9)

In the calculations presented here we use two different timmals for
GPairqpT.n(T), prp(r)]. The first one, called below isoscalar (IS) pairing force; de
pends only on the total baryonic densipg; () = prn(r) + prp(r). Its expression is
given by .

dpainapra0) ()] =1 = (P220) (10)
wherep is the saturation density of the nuclear matter. This dffeqiairing interaction is
extensively used in nuclear structure calculations andg also employed for describing
pairing correlations in the inner crust of neutron stars, [52, 54, 40]. The parameters
are chosen to reproduce in infinite neutron matter two pgisicenarii, i.e., corresponding
to a maximum gap of about 3 MeV (strong pairing scenario, dfege named ISS) and,
respectively, to a maximum gap around 1 MeV (weak pairingaie, called below ISW).
These two pairing scenarii are simulated by two values optigng strength, i.e., y={-
570,-43¢ MeV fm~3. The other parameters are taken the same for the strong @mgtk
pairing, i.e.,a=0.45,7=0.7 andp,=0.16 fnT3. The energy cut-off, necessary to cure the
divergence associated to the zero range of the pairing,fragroduced through the factor
e~ Ei/100 gcting for E; > 20 MeV, whereE; are the HFB quasiparticle energies.

The second pairing functional, referred below as isovestang pairing (IVS), de-
pends explicitly on neutron and proton densities and haotteving form in the neutron
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Figure 1. (color online) Neutron pairing gap for the inteiaes ISW (isoscalar weak), ISS

(isoscalar strong) and IVS (isovector strong) in symmetticlear matter and in neutron
matter.

channel [38],

Qg Qn
paicalpra®) prpr)] = 1= = 10) (Z2) 7 ey (2220) oy
Po Po
wherel(r) = prn.(r) — prp(r). This interaction is adjusted to reproduce the neut@n
pairing gap in neutron and symmetric nuclear matter pral/lmethe BCS calculations with
the bare nucleon-nucleon forces [14]. In addition, theipgistrengthl} and the cut-off
energy are related to each other through the neutron-mestattering length according
to the procedure described in Ref. [9]. Therefore this attion is expected to describe
properly the pairing for all the nuclear densities of theeinerust matter, including the
low density neutron gas. As shown in Refs. [39, 10], thisipgifunctional describes well
the two-neutron separation energies and the odd-even rifesentes in nuclei with open
shells in neutrons. In the present calculations for thisipgifunctional we have used the
parameters Y= -703.86 MeV fn13, 1s=0.7115,0,4,=0.3865,7,,=0.9727,0,=0.3906. The
cut-off prescription is the same as for the isoscalar paifimce.

The pairing gaps in symmetric matter and neutron matterigiemtiby the three pairing
forces introduced above are represented in Fig. 1 for a veidge of sub-nuclear densities.
It can be seen that the isovector IVS interaction gives a mami gap closer to the strong
isoscalar ISS force, and the ISW interaction predict a saggion of the pairing gap up to
saturation density.

To illustrate how the pairing correlations are spatiallgtdbuted in the Wigner-Seitz
cells and how they are affected by the temperature, in Fige Zlaown the pairing fields
for neutrons in the cells 2 and 5 (see Table 1). It can be robtleat the clusters have a non-
trivial influence on the pairing of neutron gas. Thus, defrenaf the relative intensity of
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pairing field [MeV]
pairing field [MeV]

—— 1800 Sn (1)
-—- 1800 Sn (2)
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Figure 2. Neutron pairing fields for the Wigner-Seitz cellar#l 5 (see Table 1) labeled,
respectively, ag8%°Sn and?>’Sn. The full and the long-dashed lines correspond to the
ISS and ISW pairing interaction. Here the calculations Hasen done with the strenghts
Vo = {—430,-330} MeV fm? and with an energy cut-off of 60 MeV.

pairing in the cluster and the gas region, the presence aldiséer can suppress or enhance
the pairing in the surface region of the cluster.

2.2. Quasiparticle Random Phase Approximation (QRPA)

Pairing correlations affect not only the ground state priige of inner crust matter but also
its excitations modes. The non-collective excitationscammmonly described by the quasi-
particle energies obtained solving the HFB equations. Tutate the collective excitations
one needs to take into account the residual interactiond®tihe quasiparticles. In what
follows we discuss briefly the collective modes of the inrist matter in the framework
of QRPA, which takes properly into account the pairing daetiens [31].

The QRPA can be obtained from the time-dependent HFB apipiiadahe limit of linear
response. In the linear response theory the fundamentaltiyuzgs the Green function
which satisfies the Bethe-Salpeter equation

G=(1-GoV) 'Go=Gg+GyVG. (12)
The unperturbed Green'’s functi@khg has the form:

al “*B1 a2 %52
Ui (ra)uij (r'c’) _ Ui (ra)uij (r'c’)
hw—(Ei—FEj)—FZ'?] hw—i—(Ei—FEj)—Fi?]’

G (ro, 1o’ ;w) = (13)
whereF; are the HFB quasiparticle energies angare 3 by 2 matrices expressed in term of
the two components of the HFB wave functions [32]. THesymbol in the equation above
indicates that the summation is taken over the bound anduwntbguasiparticle states. The
latter corresponds here to the non-localised neutronsit\tB cell.

V is the matrix of the residual interaction expressed in teofithe second derivatives
of the HFB energy functional, namely:

0%E

of ‘o' = -1,2.3. 14
V (I'O', ro ) 3p5(r’a’)8p& (I‘O’) Y Oé, 6 s < 3 ( )
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Figure 3. Strength distributions for the quadrupole mod&Vid cell 2 of Table 1. The
full (dashed) line corresponds to the QRPA (HFB) strengtie fiesults are for ISS pairing
force with the same parameters as used in Figure 1.

In the above equatiofipy, p2, p3} = {p, k, k* }, wherep andx are, respectively, the parti-
cle (2) and pairing (5) densities; the notatiemMmeans that wheneveris 2 or 3 thenx is 3
or 2.

The linear response of the system to external perturbasia@orinmonly described by
the strength function. Thus, when the external perturbaganduced by a particle-hole
external fieldf” the strength function writes:

S(w) = —%Im/F*(r)GH(r, r';w)F(r)dr dr’ (15)

whereG!! is the (ph,ph) component of the QRPA Green’s function.

As an example in Fig. 3 it is shown the strength function fer uadrupole response
calculated for the WS cell 2 of Table 1 below [31]. The resalisrespond to the isoscalar
pairing force with the strength;=-430 MeV fnT3 and an energy cut-off of 60 MeV. It
can be seen that the unperturbed spectrum, distributecadaege energy region, becomes
concentrated almost entirely in the peak located at aboued then the residual interac-
tion between the quasiparticles is introduced. The pedkatsimore than 98 of the total
guadrupole strength and it is extremely collective. Andation of the extreme collectivity
of this low-energy mode can be also seen from its reduceditiam probability, B(E2),
which is equal t@5 x 10% Weisskopf units. This value of B(E2) is two orders of magaéu
higher than in standard nuclei. This underlines the fadtith¢his WS cell the collective
dynamics of the neutron gas dominates over the clusteribation. In Ref. [31] it is shown
that similar collective modes appears for the monopole hadlipole excitations. A very
collective low-energy quadrupole mode it was also foundlitha Wigner-Seitz cells with
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Neenr PB kr N Z  Rwgs

[gem™®]  [fm~!] [fm]
1 7.91013 1.12 1460 40 19.7
2 3.41013 0.84 1750 50 27.7
3 1.5 1013 0.64 1300 50 33.2
4 9.6 1012 0.55 1050 50 35.8
5 6.2 1012 0.48 900 50 39.4
6 2.6 1012 0.36 460 40 42.3
7 1.5 102 0.30 280 40 44.4
8 1.0 1012 0.26 210 40 46.5
9 6.6 1011 0.23 160 40 49.4

10 4.6 1011 0.20 140 40 53.8

Table 1. The structure of the Wigner-Seitz cells obtainedhfa density matrix expansion
(DME) [43] pp is the baryon density;- = (372np)'/? the Fermi momentum calculated
as in Ref. [3] wheren is the number of baryons per finN and Z are the numbers of
neutrons and protons whilRy s is the radius of the WS cells. Compared to Ref. [43] here
it is not shown the cell with the highest density located atittterface with the pasta phase.

Z=50 [27]. However, a systematic investigation of the infice of these collective modes
on the thermodynamic properties of inner crust matter lisnsissing.

3. The effect of pairing on inner crust structure

The first microscopic calculation of the inner-crust stanetwas performed by Negele and
Vautherin in 1973 [43]. In this work the crystal lattice isvidied in spherical cells which
are treated in the Wigner-Seitz (WS) approximation. Thdearanatter from each cell is
described in the framework of Hartree-Fock (HF) and theipgiis neglected. The proper-
ties of the WS cells found in Ref. [43], determined for a lieditset of densities, are shown
in Table I. The most remarkable result of this calculatiothit the majority of the cells
have semi-magic and magic proton numbers, i.e., Z=40,50s ihdicates that in these
calculations there are strong proton shell effects, asiatied atomic nuclei.

The effect of pairing correlations on the structure of Wig8eitz cells was first inves-
tigated in Refs. [3, 4, 5] within the Hartree-Fock BCS (HFB@Pproach. In this section
we shall discuss the results of a recent calculations baséthdaree-Fock-Bogoliubov ap-
proach [28]. This approach offers better grounds than HFS-B@proximation for treating
pairing correlations in non-uniform nuclear matter witlifbbound and unbound neutrons.

As in Ref. [43], the lattice structure of the inner crust isciébed as a set of independent
cells of spherical symmetry treated in the WS approximatiesr baryonic densities below
p ~ 1.4 x 10" g/cn?, each cell has in its center a nuclear cluster (bound proaoiis
neutrons) surrounded by low-density and delocalized naatand immersed in a uniform
gas of ultra-relativistic electrons which assure the chargutrality. At a given baryonic
density the structure of the cell, i.e., the N/Z ratio and ¢k# radius is determined from
the minimization over N and Z of the total energy under thedition of beta equilibrium.
The energy of the cell, relevant for determining the cellicure, has contributions from
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the nuclear and the Coulomb interactions. Its expressiamiigen in the following form
E=Ey+Enxn+T.+Ey. (16)

The first term is the mass differené®d, = Z(m, +m.) + (N — A)m,, where N and Z are
the number of neutrons and protons in the cell and A=NEZ%.is the binding energy of
the nucleons, which includes the contribution of protootpn Coulomb interaction inside
the nuclear clusterT. is the kinetic energy of the electrons whilg, is the lattice energy
which takes into account the electron-electron and elegtroton interactions. The contri-
bution to the total energy coming from the interaction betwéhe WS cells [44] it is not
considered since it is very small compared to the other terfris.(1).

We shall now discuss the effect of pairing correlations andtnucture of the WS cells.
To study the influence of pairing correlations we have perntmt HFB calculations with the
three pairing interactions introduced in Section 2.1.

25F 78
72k 75
6.9F 7.2
6.6 6.9
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a2 a8
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4.2 4.4
30 32
238 30f
27 =
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12 16 20 24 28 32 36 40 44 48 52 56 60 12 16 20 24 28 32 36 40 44 48 52 56 60

z 4

Figure 4. (color online) The HFB energies per particle asfiom of proton number for the
pairing forces ISW (dotted line), ISS (dashed line) and Id&shed-dotted line). The solid
lines represent the HF results. In the left pannel are shbwnmdsults obtained including
the finite size corrections.

The structure of the WS cells obtained in the HFB approaclivengn Table 1l while
in Fig. 4 it is shown the dependence of the binding energidseta equilibrium, on protons
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number. The contribution of pairing energy, nuclear enengg electron kinetic energy to
the total energy are given in Fig. 5 for the cells 2 and 6. Frbim figure we can notice
that the nuclear binding energy is almost compensated Wyittletic energy of the electrons
which explains the weak dependence of the total energy ored iseFig. 4. In Fig.4 we
observe also that pairing is smoothing significantly theéatem of the HF energy with Z.
For this reason the HFB absolute minima are very little puoed compared to the other
neighboring energy values.

Ncell N Z Zcorr
HF ISW ISS IVS|HF ISW ISS IVS|HF ISW ISS IVS

40 40 22 42
318 514 442 554 16 24 20 24|54 40 28 38
476 534 382 570 | 28 28 20 28 |40 40 40 28
752 320 328 344 | 46 20 20 20 | 46 48 44 20
454 428 374 346 | 50 48 36 34 | 50 50 50 34
316 344 324 240 | 50 50 50 36 | 50 50 50 50
174 220 18 174 | 36 50 38 36 |36 50 38 36
120 112 128 116 | 38 36 38 36 |38 36 38 36
10 | 94 82 90 82 |38 36 38 36 |36 36 36 36

©Coo~NoOUThhwWN

Table 2. The structure of Wigner-Seitz cells obtained inHreand HFB approximation.
The results corresponds to the isoscalar weak (ISW), ifarsstiong (ISS) and isovector-
isoscalar (IVS) pairing forces. In the last 4 columns arexshithe proton numbers obtained
with the finite size corrections. In the table are shown ohéydtructures of the cells which
could be well-defined by the present calculations.

From Fig. 4 we observe that in the cells 1-2 the binding endaps not converge to a
minimum at low values of Z. For the cells 3-4, although abtohinima can be found for
HF or/and HFB calculations, these minima are very closegosgue of binding energy at
the lowest values of Z we could explore. Therefore the stineadf these cells is ambiguous.
The situation is different in the cells 5-10 where the bigdémergies converge to absolute
minima which are well below the energies of the configuratiaith the lowest Z values.

From Table Il it can be observed that the structure of soms becomes very differ-
ent when the pairing is included. Moreover, these diffeesndepend significantly on the
intensity of pairing (see the results for ISW and ISS). Hogveas seen in Fig. 4, for the
majority of cells the absolute minima are very little pronoed relative to the other energy
values, especially for the HFB calculations. Therefore cemenot draw clear quantitative
conclusions on how much pairing is changing the protonifsadh the cells.

When the radius of the cell becomes too small the boundarglitons imposed at the
cell border through the WS approximation generate an adifizrge distance between the
energy levels of the nonlocalized neutrons. Consequehtyhinding energy of the neutron
gas is significantly underestimated. An estimation of haigdacould be the errors in the
binding energy induced by the WS approximation can be obtairom the quantity

J(pns Rws) = Bing.(Pn) — Bws—inys.(Pn, Rws) , (17)

where the first term is the binding energy per neutron for iigfineutron matter of density
pn. @nd the second term is the binding energy of neutron mattdr the same density
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Figure 5. (color online) The different contributions to tia¢al energy in the cells 2 and 6
for the HF (left pannel) and HFB (right pannel) calculatiodge shown: the total energy
(solid line), the nuclear energy (dashed line), the kinetiergy of the electrons (dashed-
dotted line), and the pairing energy for the ISS pairingrextéon (dotted line). The pairing
energies are shifted up as indicated in the figure.

calculated inside the cell of radiug,;-s and employing the same boundary conditions as in
HF or HFB calculations. In Ref. [37] it was proposed for thddisize energy correction,
Eq. 26, the following parametrisation

f(pny Rws) = 89.05(pn, /p0)" 4P Ry (18)

wherep,,, is the average density of neutrons in the gas region exttdicien a calculation
in which the cell contains both the nuclear cluster and thdawalized neutrons whilg,
is the nuclear matter saturation density.

How the energy corrections described by Eq. (18) influenbesHF (HFB) results
can be seen in Fig. 4 (right pannel) and in Table Il (last falomns). As expected, the
influence of the corrections is more important for the cels i which the neutron gas has
a higher density, and for those configurations correspagnidirsmall cell radii

4. Effect of pairing on the thermodynamic properties in the n-
ner crust matter

4.1. Specific heat of the baryonic matter

The specific heat of the inner crust has contributions froeneflectrons, the lattice (or lon)
and the baryonic matter (essentially the de-localizedroes). The contribution of these
3 components is shown in Fig. 6 where different scenarioth®®neutrons are considered.
If neutrons are non-superfluid they dominate the contriloutif the other component in the
inner crust. The effect of the neutron superfluidity is thauae strongly the contribution of
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Figure 6. Specific heat in the crust of the neutron star fordifferent components of the
star matter and for a temperature of 1Q

the neutrons. Itis therefore expected a very large effelttdad by the neutron superfluidity
that we now discuss. The specific heat of the neutrons islesdclifrom the quasiparticle
energies obtained solving the HFB equations at finite-teaipee in the Wigner-Seitz ap-
proximation, as discussed in Section 2.1. For the WS cellssgghe structure determined
in Ref.[43] (see Table 1).

The specific heat of the neutrons is calculated by

_Tos

Vo vor
where V is the volume of the Wigner-Seitz cell, T is the terapare and S is the entropy.
The latter is given by

S=—kpY_ giq(fiqinfiq+ (1 — fig) (1= fi,).
g

(19)

(20)

In Fig. 7 are shown the results obtained for the specific lre#tté case of a strong
isoscalar pairing interaction. To illustrate the partamubehavior of the specific heat in
non-uniform matter and the validity of various approxiroas, in what follows we shall
discuss in more detail the results for the cell number 6, Wwiltentains N=460 neutrons
and Z=40 protons (see Table 1). In this cell the HFB calooetipredict 378 unbound
neutrons. The specific heat given by the HFB spectrum, in lwttie contribution of the
cluster is included, is shown in Fig. 8 by full line. In the sarigure are shown also
the specific heats corresponding to two approximations @yedlin some studies [34, 48,
45]. In these approximations the non-uniform distributiminneutrons is replaced with
a uniform gas formed either by the total number of neutronthéncell (N=460, dashed
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Figure 8. Neutron-specific heat in the the WS cell 6 for islascstrong pairing. The results
corresponds to various approximations discussed in therp@pe specific heat is given in
units of Boltzman constarig.

line), or by taking only the number of the unbound neutrons3RB, dashed-dotted line).
How these approximations work is seen in Fig. 8. To make tmepesison meaningful,
the calculations for the uniform neutron gas are done sgltiie HFB equations with the
same boundary conditions as for the non-uniform system,rieutrons+cluster. As seen
in Fig. 8, the transition from the superfluid phase to the radrphase is taking place at a
lower temperature in the case of uniform neutron gas, ealbeeihen are considered only
the unbound neutrons. The critical temperature is thezdtaver in uniform matter (for the
two prescriptions often used) than in non-uniform matter.

4.2. Pairing and thermalization time of the inner crust

Several studies have shown that the thermalization timertigpsignificantly on the super-
fluid properties of the inner crust baryonic matter [34, 28, 40, 54]. This dependence
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Figure 9. Time evolution of the apparent surface tempegatoir the initial temperatures
T; = 500 keV. NC indicates the results of the calculations obtaingddglecting the effect
of the clusters.

is induced through the specific heat of unbound neutronsngly affected by the pairing
energy gap. As an example we refer to Fig. 6 where it is seegnnth#tron superfluid-
ity strongly suppress the neutron specific heat which, inatbgence of the pairing would
dominate over the specific heat of electrons and the lattice.

To estimate the effect of neutron superfluidity to the thdization time of inner crust
matter we use a rapid cooling scenario in which the coreesruickly to a much smaller
temperature than the crust due to the direct URCA collinggss. The thermalization
time is defined as the time for the core nd the crust tempeastiar equilibrate. The heat
diffusion is described by the relativistic heat equatiof]{5

2
% ll{((:) e‘b%(e‘bT)] = 72D (r)e? (Cvaa—f + 6¢Qy) , (21)
wheret is the time, K is the thermal conductivity(y, is the specific heat an@, is the
neutrino emissivity. The effect of the gravity is given thgh the gravitational potential
6, which enters in the definition of the redshifted tempemflir= Te¢?, and the quantity
I'(r) = (1- 2Gm(7“)/7“62)71/2, whereG is the gravitational constant and(r) is the
gravitational mass included in a sphere of radiu$he latter is obtained from the Tolman-
Oppenheimer-Volkoff (TOV) equations [29] based on an eiquadf state obtained from
SLy4 Skyrme interaction [20]. More details on the coolingdabare given in Ref. [22].
The time evolution of the apparent surface temperafiffeis displayed in Fig. 9 for
the initial temperatures of the crust = 500 keV [22]. The effective surface temperature
shown in Fig. 9 is obtained from the temperature at the bottbthe crust,T, = T'(pyp),
wherep, = 10'° g.cnm3, using the relationship given in Ref. [50] for a non-acadete
envelope. The results shown in Fig. 9 corresponds to a mestar of mass 1.8/ in
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Figure 10. Cooling times,, versus scaling parameterfor three pairing scenarii as dis-
cussed in the text. The results correspond to neutron stdrsnasses between 1.4 and 2.0
M. The fitting curves are given for the case of a linear scalsh@ea lines, right side) and
for a fractional power of the scaling paramete¢solid lines, left side).

which the inner crust extends frofi.=10.72 km, which is the radius at the core-crust
interface, to 11.19 km. As can be noticed, the pairing endasignificantly the cooling at
the surface of the star. In Fig. 9 are also shown the appanefaice temperatures obtained
neglecting the effect of the clusters, i.e., supposing tth@tmeutron specific heat is given
solely by that of the neutron gas. In this case the neutronifspéeat is calculated from
the quasiparticle spectrum of BCS equations solved foritefireutron matter at a density
corresponding to that of the external neutrons in the WS[8B]. In the case of weakly
pairing scenario (ISW), the apparent surface temperasudeopping faster for superfluid
non uniform matter than for superfluid uniform matter. Fog gtrong pairing scenario,
since the pairing correlations suppress the role of theroeuh almost the entire inner
crust, the effect of the clusters is less important [22].

A simple random walk model for the cooling is sometimes usesktimate the thermal-
ization time [12, 48, 40]. In this model the diffusion of thealing wave towards the core
is calculated without taking into account the dynamicalngfeof the temperature through
the whole crust and neglecting the neutrino emissivity in(@d). The crust is divided into
shells of thicknessk; for which the thermal diffusivelyD; = K;/Cy; is considered as
constant. From a dimensional analysis of the heat equaiby) the relaxation time of each
of these shells is defined as,

7 = T(R)* R} /(vDy), (22)

where~ is a geometrical factor angl is the radius of the neutron star. The total relaxation
through the crust is given by,

2
Top, = <Z ﬁ) . (23)
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The thermalization time defined as (23) satisfy the conglitigat in a uniform density case,
Ty, IS independent of the shell discretization. Using this nhotthe effect of the neutron
superfluidity has also been estimated to be large [48, 4d]jsagualitatively similar to the
result deduced from solving of the heat diffusion equat@) (

In some previous studies [34, 25] it was found that the thépaton time, defined as
the time needed for the crust to arrive to the same temperatith the core, satisfies the
scaling relatiort,;, = ¢, where

[ ARcrust)” 2\ —3/2
o= (W) (1 — 2GM/Re ) (24)

depends solely on the global properties of the neutronistgrthe crust thicknes& Reryst
the star radiug? and the mass of the staf. The scaling relation can be inferred from the
random walk model presented above. In Fig. 10 are shown amctida of the scaling
parameterx the cooling times we have obtained from the solution of that liffusion
equation (21) for various neutron stars masses lying betwet and 2.0V, with a step
of 0.1Mg. In this figure are displayed two sets of fits figr versusa, i.e., a linear fit
with 3 = 1 (dashed line) and a fit with a fractional value fér(solid line). It can be
noticed that the best fit is obtained with a fractional valae/4, which is equal to 0.86
for the normal neutrons, to 0.85 for weakly paired neutrardta 0.89 for strongly paired
neutrons. Considering the simpler linear fit, ifg,,~ «at1, as done in [34, 25], we get for
the normalized time; the values; = {68.9,39.3,22.3} corresponding, respectively, to
the normal neutrons, neutrons with weak pairing and nestraith strong pairing. For a
1.5 Mg neutron star witlw = 1.15, we obtaint; = {66.4,37.4,26.6}. These values fan
are larger than that of Ref. [25] (Table 2) by a factor 2.3 mtion-superfluid case, and 3.4
(3.0) for the weak (strong) pairing scenario. These diffees could be explained by the
effects of the nuclear clusters on the neutron specific ké&atgarded in Ref. [25], and by
different neutrinos processes and thermal conductivitighe core matter used in the two
calculations.

5. Summary and Conclusions

In the first part of this chapter we have discussed the infli@igairing correlations on
the structure of inner crust of neutron stars. The study veaee dor the region of the
inner crust which is supposed to be formed by a lattice of spdieclusters embedded in
a gas of neutrons. The lattice was treated as a set of indepeuodlls described in the
Wigner-Seitz approximation. To determine the structura oéll we have used the nuclear
binding energy given by the Skyrme-HFB approach. For thés eeth high density and
small radii the binding energies do not converge to a minimumen the proton number
has small values. We believe that it is related to the digai@n of the continuum. For a
small radius of the cell the average distance between thgelhavels of the non-localised
neutrons becomes artificially large which cause an underaon of the binding energy.
To correct this drawback we have used an empirical expredssed on the comparison
between the binding energy of neutrons calculated in ifiniatter and in a finite-size
spherical cell [37]. We found that the finite size correcsido the binding energies are
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significant for the high density cells with small proton nierd This conclusion indicates
the need of a more accurate evaluation of the errors indugabebfinite size of the WS
cells on nuclear binding energy, which requires to go beybrdempirical expression used
here.

In the second part we have discussed how thermalizationutfarestars crust depends
on pairing properties and on cluster structure of the innestanatter. The thermal evolu-
tion was obtained by solving the relativistic heat equatidth initial conditions specific to
a rapid cooling process. The specific heat of neutrons wasleséd from the HFB spec-
trum. The results show that the crust thermalization isngfisoinfluenced by the intensity
of pairing correlation. It is also shown that the clusteusture of the inner crust affects
significantly the time evolution of the surface temperature

The thermodynamic properties of the inner crust discussdtiis chapter are based
on the excitation spectrum of HFB equations. As it was shaw8dction 2.2, the QRPA
approach predicts in some cells collective excitationatied at low energies, comparable
with the pairing energy gap. It is thus expected a significamtribution of the collective
modes to the specific heat and to the thermalization prodessear crust matter. This is an
open issue which deserves further investigations.
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