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Systematical calculation of α decay half-lives with a generalized liquid drop model
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A systematic calculation of α decay half-lives is presented for even-even nuclei between Te and Z=118 isotopes. The potential energy governing α decay has been determined within a liquid drop model including proximity effects between the α particle and the daughter nucleus and adjusted to reproduce the experimental Q value. The α decay half-lives have been deduced from the WKB barrier penetration probability. The α decay half-lives obtained agree reasonably well with the experimental data.

Introduction

The α decay is one of the most important decay channels of the heavy and superheavy nuclei.

Measurements on the α decay can provide reliable information on the nuclear structure such as the ground state energy, the ground state half-life, the nuclear spin and parity, the nuclear deformation, the nuclear clustering, the shell effects, and the nuclear interaction [1][2][3][4].

Experimentally α decay of nuclei is used to identify the new nuclides and new elements through α decay chain from unknown parent nucleus to a known nuclide [5]. Recently, the interest in the α decay has been renewed because of the development of radioactive beams and new detector technology under low temperature. Some newly synthesized superheavy elements have recently been identified using α decay [6][7][8][9].

The process of α decay is fundamentally a quantum tunneling effect, which was first explained by Gamow and by Condon and Guerney in the 1920s [10,11]. Later on, theoretical calculations were performed to predict the absolute α decay width, to extract nuclear structure information, and to pursue a microscopic understanding of the α decay phenomenon.

These studies are based on various theoretical models such as the shell-model, fission-like model, and cluster-model [12][13][14][15][16][17][18][19][20][21][22][23][24][25][26][27]. The simple empirical relations between α decay half-lives and decay energies are also discussed [28][29][30][31]. Generally tunneling penetration is used to describe the α decay, in which the penetration probability was calculated using WKB approximation assuming α particle tunneling through the potential barrier between α cluster and the daughter nucleus in the parent nucleus. In the unified fission approach [32,33] the decay constant λ is simply the product of the barrier penetrability P and of a constant assault frequency ν 0 . Then, the height, position and width of the potential barriers are the main ingredients determining the half-lives. In the cluster-model [12,34], the cluster is assumed to form before it penetrates the barrier and a preformation factor is included in the calculation. The decay constant λ is defined as the product of the preformation factor, the assault frequency and the penetration probability. Usually, computing the α formation amplitude is a difficult task because the actual wave functions involved cannot be well defined.

The α preformation factor is very important from the viewpoint of the nuclear structure.

Numerous studies of the α decay have been concentrated on this problem [35,36]. In recent studies, the α preformation factor is extracted by dividing the experimental α decay width by the barrier penetration probability, which can easily be obtained from the WKB approximation [25,37].

The generalized liquid drop model (GLDM) was employed to calculate the nuclear potential. It has been successfully used to obtain the potential barriers for fusion reactions [38] and nuclear decays [39][40][41]. In our previous calculations [16], within a superasymmetric fission picture allows us to reproduce the experimental α decay half-lives when the experimental Q α values are used. The α decay half-lives have been calculated using the GLDM [16], in which the assault frequency ν 0 is fixed as 1.0 × 10 20 s -1 . In this work, the α decay halflives are calculated in the preformed cluster-model and the assault frequencies ν 0 have been calculated using a classical method. This paper is organized in the following way. In Section 2 we present the framework of the Generalized Liquid Drop Model. The numerical results are presented and discussed in Section 3. Finally, a brief summary of the present work is given in Section 4.

Theoretical framework

The α decay constant is defined as, λ = P 0 ν 0 P.

(

The assault frequency is calculated using the classical method,

ν 0 = 1 2R 2E α M α , (2.2)
where R is the radius of the parent nucleus and E α is the energy of the α particle, corrected for recoil; M α being its mass.

The penetration probability P is calculated within the WKB approximation. The GLDM energy of a deformed nucleus is defined as [38]:

E = E V + E S + E C + E prox , ( 2.3) 
where the different terms are respectively the volume, surface, Coulomb, nuclear proximity energies.

For one-body shapes, the volume E V , surface E S and Coulomb E C energies are given by

E V = -15.494(1 -1.8I 2 )A M eV, ( 2.4 
)

E S = 17.9439(1 -2.6I 2 )A 2/3 (S/4πR 2 0 ) M eV, ( 2.5 
)

E C = 0.6e 2 (Z 2 /R 0 )B C M eV.
(2.6)

B C is the Coulomb shape dependent function, S is the surface of the one body deformed nucleus and I is the relative neutron excess.

B C = 0.5 (V (θ)/V 0 )(R(θ)/R 0 ) 3 sin θdθ, ( 2.7) 
where V (θ) is the electrostatic potential at the surface and V 0 the surface potential of the sphere. The effective sharp radius R 0 has been chosen as

R 0 = 1.28A 1/3 -0.76 + 0.8A -1/3 fm. (2.8)
This formula proposed in Ref. [42] is derived from the droplet model and the proximity energy and simulates rather a central radius for which R 0 /A 1/3 increases slightly with the mass. It has been shown that this selected more elaborated expression can also be used to reproduce accurately the fusion, fission and cluster and alpha decay data. To ensure volume conservation, the radii R 1 and R 2 of the daughter and α nuclei are given by

R 1 = R 0 (1 + β 3 ) -1/3 , ( 2.9 
)

R 2 = R 0 β(1 + β 3 ) -1/3 , ( 2.10) 
where,

β = 1.28A 1/3 1 -0.76 + 0.8A -1/3 1 1.28A 1/3 2 -0.76 + 0.8A -1/3 2 . (2.11)
When the fragments are separated [43],

E V = -15.494[(1 -1.8I 2 1 )A 1 + (1 -1.8I 2 2 )A 2 ] MeV, (2.12 
)

E S = 17.9439[(1 -2.6I 2 1 )A 2/3 1 + (1 -2.6I 2 2 )A 2/3 2 ] MeV, (2.13 
)

E C = 0.6e 2 Z 2 1 /R 1 + 0.6e 2 (Z 2 2 /R 2 ) + e 2 Z 1 Z 2 /r MeV. (2.14)
The surface energy comes from the effects of the surface tension forces in a half space. When a neck or a gap appears between separated fragments an additional term called proximity energy must be added to take into account the effects of the nuclear forces between the close surface. It moves the barrier top to an external position and strongly decreases the pure Coulomb barrier:

E prox (r) = 2γ hmax h min Φ[D(r, h)/b]2πhdh, ( 2.15) 
where

γ = 0.9517 (1 -2.6I 2 1 )(1 -2.6I 2 2 ) M eV f m -2 , (2.16)
r is the distance between the mass centres, h is the transverse distance varying from the neck radius or zero to the height of the neck border, D is the distance between the opposite surfaces in consideration and b is the surface width fixed at 0.99 fm. Φ is the proximity function. The surface parameter γ is the geometric mean between the surface parameters of the two fragments.

The barrier penetrability P is calculated within the action integral

P = exp[- 2 Rout R in 2B(r)(E(r) -E(sphere))dr], (2.17) 
with

E(R in ) = E(R out ) = Q exp . B(r) = µ, in which µ is the reduced mass.
To calculate the absolute α decay width, the α preformation factor P α is indispensable based on the Gamow picture, which measures the probability that an α cluster is present in the decaying nucleus. Within a superasymmetric fission picture the preformation factor P 0 has been taken as 1 in previous studies and that allows us to reproduce the experimental α decay half-lives when the experimental Q α values are used. However, there are still small differences between the calculated and experimental values and these discrepancies may be used to determine the α preformation probability. The microscopic calculation gives a value of 0.3 for the α cluster preformation factor of even-even nucleus 212 Po [12]. However, development on the microscopical description of the α cluster preformation factor is still slow due to the complexity of the nuclear many-body problem. Experiments have shown that the preformation factor varies smoothly in the open shell region and has a value smaller than 1.0 [1]. As a result, it is reasonable and appropriate to take the preformation factor as a constant for all even-even nuclei. This means both the medium mass α emitters and heavy ones can be well described in a consistent way by the GLDM. We fix the value of the preformation factors P α =0.38 for even-even nuclei, which is consistent with both the microscopic calculations and the experimental data of open shell nuclei [1,12]. Finally, the partial half-life is related to the decay constant λ by T 1/2 = ln 2/λ. The half-lives of α decay from the ground state to ground state for even-even nuclei with proton number Z=52-118 have been calculated within the GLDM. The ground state spin and parity of all even-even nuclei is 0 + . This means that the α decay of even-even nuclei mainly proceeds to the ground state of the daughter nucleus. Actually, the parent nucleus can also decay to the excited states of the daughter nucleus, this probability is very small in normal cases, and it can be neglected for a systematic calculation of half-lives.

Results and discussions

The numerical results for the even-even nuclei from Te to 118 are listed in Table 1. The first and second columns denote the parent nucleus and neutron number N, respectively.

The third and forth columns are respectively the experimental decay energies and partial half-lives of α decay. The calculated half-lives are listed in the last column. The meanings of columns 6-10 are similar to those of columns 1-5. It is known experimentally that the magnitude of α decay half-lives of the even-even nuclei varies in a very wide range from 10 -7 to 10 22 s. Although the amplitude of the variation of half-lives is as high as 10 29 times, we can see from Table 1 that the experimental α decay half-lives of many even-even nuclei are reproduced within a factor of 3 by GLDM. But for the four regions the vicinity of N=50, N=126, N=152 and superheavy region the deviations between experimental and calculated values are relatively large. The big deviation occurring for Te isotope chains are mainly due to the shell effect 100 Sn nucleus. In the superheavy nuclei region, one can see from the Table 1 that the calculated values deviate obviously from the experimental ones. This may be understood as a consequence of the following two sides. On the theoretical side, the superheavy nuclei α preformation factor is smaller than the one of medium and heavy nuclei [25] in our previous study. Theoretical calculation should give better agreement with the experimental data if the preformation factor is considered as a variable with different parent nuclei. On the experimental side, it would be interesting to improve the precision of experimental α decay half-lives. In order to show the systematic behavior of the agreement between model and data clearly, we also plot the comparison of experimental half-lives and theoretical ones in Fig. 2.

The theoretical points (stars) almost coincide with the experimental ones (black circles).

First, Po, Rn, Ra and Th isotope chains half-lives are show in Fig. 2 as a function of neutron number N. On the one hand, the half-lives increase with increasing neutron number up to the spherical shell closure N=126, and then decrease rapidly with the neutron number.

The minimum half-lives appears at N=128 for all the four selected isotopes, indicating α emission is much easier for the nuclei with two neutrons outside the shell closure. Moreover, the values of the minimum half-lives are nearly identical at N=128, after which the half-lives increase again with increasing N. On the other hand, in Fig. 2 The penetration probabilities and the Q α values for Cm, Cf, Fm, No and Rf isotopes are also shown in Fig. 3. We can see from this figure that the change in Q α is similar to that in penetration probability. They decrease with increasing neutron number up to N=152, then increase with N up to N=154. After that, they decrease again. It is well known that the shell effects for α radioactivity are related to the Q α value, which is maximum when the daughter nuclei has a magic number of neutrons and protons. The changes in Q α and P are similar. The lower is Q α the more difficult it will be for an α cluster to penetrate the potential barrier in the parent nucleus in accordance with quantum tunneling penetration theory.

The calculated half-lives are compared with the experimental ones for isotopes of Th, U, Pu, Cm, Cf, Fm, No and Rf in Fig. 4. We can see from this figure that the experimental data are well reproduced by GLDM in these isotopes considered here. The theoretical points (stars) almost coincide with the experimental ones (black circles). Fig. 4 shows that the αdecay half-lives decrease as the value of Z increases, which reflects the stability gained by these nuclei when two protons are removed. The half-lives do not increase monotonously with N and a maximum exists at N=152 due to the shell effects. We may conclude that N=152 is a deformed magic number. Around the shell N=152, the variation of half-lives is approximately 10 times for Cm, Cf, Fm and No isotopic chains. For instance, the αdecay half-life of 250 Cf (N=152) is only ten times larger than that of 252 Cf (N=154). This demonstrates that the influence of the deformed shell on half-lives is less than that of the spherical one. 

Summary

A global calculation of the α decay half-lives are presented for the even-even nuclei from Z=52 to Z=118, in which the penetration probability was calculated using WKB approximation assuming α particle tunneling through the potential barrier between α cluster and the daughter nucleus in the parent nucleus. The barriers are constructed with the GLDM and the decay energies used in our calculations are extracted from experimental data. The assault frequency ν 0 has been calculated using a classical method. The value of the preformation factors P α has been fixed to 0.38 for even-even nuclei. Finally, the decay constant is the product of the preformation, the penetration, and the assault frequency. The obtained decay half-lives agree reasonably well with the available experimental data. The change in α decay half-lives with neutron number shows that shell effects play an important role in the behavior of α decay half-lives around magic numbers. It is worth noting that the aim of this work is not only to reproduce the experimental data, but also to extend our understanding of α decay half-lives around shell closures.
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 1 Figure 1: The penetration probabilities and experimental decay energies Q α of α decay even-even Pb, Po, Rn, Ra and Th isotopes.

Figure 2 :

 2 Figure 2: Comparison of the calculated α decay half-lives with the experimental data for even-even nuclei ranging from Z=82 to Z=90, showing the shell effect at the neutron magic numbers N=126.

Fig. 1

 1 Fig.1shows the penetration probability in the left hand side as a function of neutron number N. The penetration probabilities decrease with increasing neutron number up to the spherical shell closure N = 126, and then increase rapidly with the neutron number. The maximum probability appears at N = 128 for all the four selected isotopes. For the nuclei

  with two neutrons outside the closed shell, the α particle emission is easier than that of the other nuclei of the same isotopes. The closed shell structures play also the key role for the penetrability mechanism. Moreover, the values of the maximum penetration probabilities are nearly identical at N = 128 for Po, Rn, Ra, and Th isotopes, after which the penetration probability decreases again with increasing N. At the same neutron number the penetration probability increases with increasing proton number because proton number of Po isotopes are closer to a proton magic number Z = 82 than those of Rn, Ra, and Th. The closer the nucleon number is to a magic number, the more difficult the α particle penetrates from the parent nuclei. The experimental decay energy Q α is shown in the right hand side also as a function of N in Fig.1. One can see from the figure that Q α decreases with the increasing neutron number N for the Pb, Po, Rn, Ra, and Th isotopes before the neutron number N=126. The Q α values increase sharply after N=126 and reach the maximum at N=128, then they decrease again quickly for Po, Rn, Ra and Th isotopes. The changes in Q α and penetration probability P are similar.

  there is a clear decrease in the half-life before the neutron number N=128, shown in the Po, Rn, Ra and Th isotopes. This is attributed to the strong N=126 shell effect: the main effect of the N=126 shell is included in the decay Q value, which is closely related to the nuclear structure, and the remaining effect is largely absorbed into the α preformation factor. Because the constant preformation factor cannot completely describe the detailed features of nuclear structure, the strong shell effects are clearly shown from the increased deviations in the neighborhood of N=126. At the same neutron number, half-lives decrease with increasing proton number because proton number of Po isotopes are closer to a proton magic number Z=82 than those of Rn, Ra and Th. Both N=126 and Z=82 are well known as magic numbers. The closer the nucleon number is to shell closure, the more difficultly the α cluster forms in the parent nuclei. The dramatic change of the half-lives around the magic number indicates that the shell effects play an important role on α formation mechanism in the parent nuclei. There is no doubt that the theoretical calculation should give better agreement with the experimental data if the preformation factor is considered as a variable with different parent nuclei instead of a constant, especially for the closed shell region nuclei.

Figure 3 :

 3 Figure 3: The penetration probabilities and experimental released energies Q α of α decay even-even Cm, Cf, Fm, No and Rf isotopes.

Figure 4 :

 4 Figure 4: Comparison of the calculated α decay half-lives with the experimental data for even-even nuclei ranging from Z=90 to Z=104, showing the shell effect at the neutron magic number N=152.

Table 1 :

 1 Comparison between experimental and theoretical α decay half-lives and of the even-even nuclei with proton number Z=52-118. The units of the α decay energies and half-lives are MeV and second respectively, and the experimental results are taken from the recently data[44,45].

	Nucleus N	Q	T 1/2 (exp.)	T 1/2 (cal.) Nucleus N	Q	T 1/2 (exp.)	T 1/2 (cal.)
	106 52 Te	54 4.290 8.0 × 10 -5 65.0 × 10 -5 162 76 Os	86 6.767 2.1 × 10 -3 3.6 × 10 -3
	108 52 Te	56 3.420 4.3 × 10 0	28.5 × 10 0 164 76 Os	88 6.479 4.1 × 10 -3 31.4 × 10 -3
	110 52 Te	58 2.699 6.2 × 10 5	99.0 × 10 5 166 76 Os	90 6.139 3.0 × 10 -1 4.9 × 10 -1
	110 54 Xe	56 3.875 3.9 × 10 0	0.87 × 10 0 168 76 Os	92 5.816 4.9 × 10 0	9.1 × 10 0
	112 54 Xe	58 3.330 3.0 × 10 2	20.3 × 10 2 170 76 Os	94 5.537 7.8 × 10 1	13.9 × 10 1
	146 62 Sm	84 2.528 2.2 × 10 15 12.7 × 10 15 172 76 Os	96 5.224 1.7 × 10 3	3.9 × 10 3
	148 64 Gd	84 3.271 2.2 × 10 9	6.4 × 10 9	174 76 Os	98 4.870 1.8 × 10 5	2.8 × 10 5
	150 64 Gd	86 2.808 5.6 × 10 13 22.0 × 10 13 186 76 Os	110 2.820 6.3 × 10 22 10.4 × 10 22
	150 66 Dy	84 4.351 1.2 × 10 3	2.4 × 10 3	166 78 Pt	88 7.286 3.0 × 10 -4 4.5 × 10 -4
	152 66 Dy	86 3.726 8.6 × 10 6	25.3 × 10 6 168 78 Pt	90 6.990 2.0 × 10 -3 3.3 × 10 -3
	154 66 Dy	88 2.945 9.5 × 10 13 19.6 × 10 13 170 78 Pt	92 6.707 6.0 × 10 -3 26.4 × 10 -3
	152 68 Er	84 4.934 1.1 × 10 1	2.1 × 10 1	172 78 Pt	94 6.464 1.0 × 10 -1 1.6 × 10 -1
	154 68 Er	86 4.279 4.8 × 10 4	7.4 × 10 4	174 78 Pt	96 6.183 1.2 × 10 0	1.7 × 10 0
	156 68 Er	88 3.483 6.7 × 10 9	38.5 × 10 9 176 78 Pt	98 5.885 1.6 × 10 1	2.6 × 10 1
	154 70 Yb	84 5.474 4.4 × 10 -1 6.9 × 10 -1 178 78 Pt	100 5.573 2.7 × 10 2	5.8 × 10 2
	156 70 Yb	86 4.811 2.6 × 10 2	8.7 × 10 2	180 78 Pt	102 5.240 1.9 × 10 4	2.3 × 10 4
	158 70 Yb	88 4.170 4.3 × 10 6	4.5 × 10 6	182 78 Pt	104 4.951 4.2 × 10 5	7.9 × 10 5
	156 72 Hf	84 6.028 2.4 × 10 -2 3.5 × 10 -2 184 78 Pt	106 4.629 5.9 × 10 7	10.0 × 10 7
	158 72 Hf	86 5.404 6.4 × 10 0	10.9 × 10 0 186 78 Pt	108 4.598 5.3 × 10 9	7.1 × 10 9
	160 72 Hf	88 4.902 1.9 × 10 3	2.7 × 10 3	188 78 Pt	110 4.320 3.3 × 10 12 1.6 × 10 12
	162 72 Hf	90 4.416 4.9 × 10 5	14.8 × 10 5 190 78 Pt	112 3.252 2.0 × 10 19 1.8 × 10 19
	158 74 W	84 6.613 1.3 × 10 -3 2.0 × 10 -3 172 80 Hg	92 7.524 2.3 × 10 -4 3.9 × 10 -4
	160 74 W	86 6.065 1.1 × 10 -1 1.6 × 10 -1 174 80 Hg	94 7.233 2.0 × 10 -3 2.6 × 10 -3
	162 74 W	88 5.677 3.0 × 10 0	5.9 × 10 0	176 80 Hg	96 6.899 2.3 × 10 -2 2.9 × 10 -2
	164 74 W	90 5.279 1.7 × 10 2	3.1 × 10 2	178 80 Hg	98 6.577 5.0 × 10 -1 3.5 × 10 -1
	166 74 W	92 4.856 5.5 × 10 4	4.1 × 10 4	180 80 Hg	100 6.258 5.4 × 10 0	5.2 × 10 0
	168 74 W	94 4.500 1.6 × 10 6	4.6 × 10 6	182 80 Hg	102 5.996 7.8 × 10 1	5.6 × 10 1

4 × 10 -3 0.14 × 10 -3
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