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Oleg Bezshyyko, Vitalii Khodnevych, Taras Shevchenko National University of Kyiv, Ukraine

Abstract

Measurements of coherent radiation at accelerators typ-

ically give the absolute value of the beam profile Fourier

transform but not its phase. Phase reconstruction tech-

niques such as Hilbert transform or Kramers Kronig recon-

struction are used to recover such phase. We report a study

of the performances of these methods and how to optimize

the reconstructed profiles.

LONGITUDINAL BUNCH PROFILE

MEASUREMENT AT PARTICLE

ACCELERATORS

On a particle accelerator the longitudinal profiles of a par-

ticle bunch can not easily be measured. Several indirect

measurement techniques have been established relying on

the radiation emitted by the bunch either when it crosses a

different material [1] or when it passes near a different ma-

terial [2, 3]. In this case what is measured is the emitted

spectrum. This emitted spectrum encode the longitudinal

profile through the relation:

I (λ) = I1(λ)(N + |F (λ) |2 N
2) (1)

where I (λ) is the emitted intensity as a function of the

wavelength. I1(λ) is the intensity of the signal emitted by

a single particle and F (λ) is a form factor that encodes the

longitudinal and transverse shape of the particle bunch. Re-

covering the longitudinal profile requires to invert this equa-

tion however this is not straightforward as the information

about the phase of the form factor can not be measured and

therefore is not available.

A phase reconstruction algorithm must therefore be used

to recover this phase. Several methods exist (see for exam-

ple [4]). We have implemented two of these methods and

we assess their performances below.

RECONSTRUCTION METHODS

When it is only possible to measure the amplitude of the

complex signal, it is necessary to recover the phase of the

available data. For an analytic function this is easier be-

cause the real and imaginary part are not completely inde-

pendent. The Kramers-Kronig relations [4] helps restore
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the imaginary part of an analytic function ε(ω) from its real

part and vice versa.

To recover the phase from the amplitude, the function

should be written as: log(ε(ω)) = log(ρ(ω)) + iΘ(ω)

with ρ(ω) its amplitude and Θ(ω) its phase. The Kramers-

Kronig relations can then be applied as follows:

Θ(ω0) =
2ω0

π
P

∫
+∞

0

ln(ρ(ω))

ω2
0
−ω2

dω

The basis of this relationship are the Cauchy-Riemann con-

ditions (analyticity of function).

In some cases this phase can also be obtained simply by

using the Hilbert transform of the spectrum:

Θ(ω0) = −
1

π
P

∫
+∞

−∞

ln(ρ(ω))

ω0 −ω
dω.

We have implemented in Matlab these two different

phase reconstruction methods. The Hilbert transform

method has the advantage of being directly available in Mat-

lab, allowing a much faster computing.

DESCRIPTION OF THE SIMULATIONS

To test the performanceof these methods we have created

a small Monte-Carlo program that randomly simulates pro-

files (G(x)) made of the combination of 5 gaussians accord-

ing to the formula G(x) =
∑5

i=1 Ai exp
−( x

mX
−μi )2

2σ2
i

where

mX = 65536 and Ai , μi and σi are random numbers with

x ∈ [1; mX], Ai ∈ [0; 1], μi ∈ 0.5+[−7.5;+7.5]×10−4/mX

and σi ∈ [3; 9] × 10−9 . The values of these ranges have

been chosen to give different profiles without creating dis-

connected profiles. We have checked how our conclusions

are changed outside this range.

Using this formula we have generated 1000 profiles, we

then took the absolute value of their Fourier transform F =

‖FFT (G) ‖ and sampled at a limited number of frequency

points (Fi = F (ωi )) as would be done with a real experi-

ment in which the number of measurement points is limited

(limited number of detectors or limited number of scanning

steps). Different distributions have been used for the fre-

quencies ωi : linear, logarithmic, similar to the E-203 ex-

periment at FACET [5],... In most sampling schemes 33

frequencies were used to make it comparable with E-203.

Then, using only these sampled values we applied our

reconstruction techniques to reconstruct the original profile.

As can be expected in some cases the reconstruction went

very well and in some other cases it was not as convincing.

An example of a well reconstructedprofile is shown in Fig. 1

and examples of poorly reconstructed profile is shown in

Fig. 2.
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Figure 1: Example of well reconstructed profile. The origi-

nal profile is in blue and the profiles reconstructed with the

Hilbert transform and the full Kramers-Kroning procedures

are in red and green respectively.
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Figure 2: Example of poorly reconstructed profile. The

original profile is in blue and the profiles reconstructed with

the Hilbert transform and the full Kramers-Kroning proce-

dures are in red and green respectively.

STUDY OF THE RECONSTRUCTION

PERFORMANCE

To estimate the performanceof the reconstruction several

estimators are available. The χ2 is one possibility however

for two very similar profile but slightly offset, a bad χ2 will

be returned. So we decided to also look at the FWHM

which we generalized as FWXM where X ∈ [0.1; 0.9] is

the fraction of the maximum value at which we calculate

the full width of the reconstructed profile. Here two profiles

that are similar but slightly offset (in position or amplitude)

will nevertheless return good values (and this is what we

want). We have created an estimator ΔFWXM defined as

follows:

ΔFWXM = MaxX ∈rset

�
�
�
�
�
�

FW X Morig − FW X Mreco

FW X Morig

�
�
�
�
�
�

where rset = {0.1; 0.2; 0.5; 0.8; 0.9}, FW X Morig and

FW X Mreco are the FWXM of the original and recon-

structed profiles respectively.

TheΔFWXM and χ2 distribution of the 1000 simulations

which we made and then reconstructed using the Hilbert

transform method are shown in Fig. 3 and Fig. 4 shows the

same for a Kramers-Kornig reconstruction. As we can see

there is a good agreement.
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Figure 3: ΔFWXM (top) and χ2 (bottom) distribution of our

1000 simulations reconstructed using the Hilbert transform

method.

The choice of 33 frequencies for the sampling of the spec-

trum was made to match the current layout used on E-203.

However it is important to check if there is an optimum

value. Using the same simulations we used different sam-

pling ranging from 5 to 120 sampling frequencies. The

effect of changing the sampling frequencies on the χ2 is

shown in Fig. 5. We have also checked how the choice of

the constraints on σi affects the accuracy of the reconstruc-

tion. This effect on χ2 is shown in Fig. 6.

While doing this work we also became aware of the dis-

cussion in [6] where it is argued that these reconstruction

method have more difficulties with lorentzian profiles rather

than gaussian profiles. Therefore we also simulated 1000

lorenzian profiles and performed a similar study. This is

shown in Fig. 7. Although the χ2 is slightly worse in that

case than in the case of gaussian profiles we still have a good

agreement between the original and reconstructed profiles.
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Figure 4: ΔFWXM (top) and χ2 (bottom) distribution of our

1000 simulations reconstructed using the Kramers-Kronig

reconstruction method.
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Figure 5: Effect of the sampling frequencies on the χ2.

DISCUSSION

We have performed extensive simulation to estimate the

performance of two phase recovery methods in the case of

multi-gaussian and lorenzian profiles. In both cases we find

that when the sampling frequencies are chosen correctly we

obtain a good agreement between the original and recon-

structed profiles (in most cases ΔFWXM < 10%; χ2 10−6).

This confirms that such methods are suitable to reconstruct

the longitudinal profiles measured at particle accelerators

using radiative methods.
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Figure 6: Effect of scaling the constraints on the parameters

σi on the χ2.
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Figure 7: Distribution of the χ2 in the case of a lorenzian

distribution.
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