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Abstract

We study the effect of an emerging virus mutation on the evolution of an epidemic, inspired by the appearance

of the delta variant of SARS-CoV-2. We show that if the new variant is markedly more infective than the

existing ones the epidemic can resurge immediately. The vaccination of the population plays a crucial role in

the evolution of the epidemic. When the older (and more vulnerable) layers of the population are protected,

the new infections concern mainly younger people, resulting into fewer hospitalisations and a reduced stress on

the health system. We study also the effects of vacations, partially effective vaccines and vaccination strategies

based on epidemic-awareness. An important finding concerns vaccination deniers: their atttude may lead to a

prolonged wave of epidemic and an increased number of hospital admissions.

MSC2010: 34A34, 37M05, 37N25, 39A30, 92D30

Keywords: epidemic, vaccination, seasonality, recruitment, SIR model

1. Introduction

Mathematical models can be particularly useful when applied to the study of epidemics. The domain is such

that any experimentation or result replication attempt is out of question when the epidemic concerns the

human population. A well conceived model can, through robust conclusions, guide policies aiming at the

mitigation and/or confinement of the epidemic. Building an efficient model is always a tall order [1]. The first

difficulty in the case of epidemic modelling is associated with long-term predictions. Epidemics having a major

societal impact, make it necessary for the governments to introduce measures which have as a consequence the

modification of the model parameters making their predictions, at times, questionable. The second difficulty

stems from the fact that the said parameters are not always accurately known. Thus, when one decides to

enrich a model by adding more effects this usually introduces more uncertainties which may influence in a

non-insignificant way the results. Faced with this difficulty, the present authors’ choice is to keep a model as

simple as possible, albeit without sacrificing realism, and thus use it to infer only the most salient conclusions.

Our work is motivated by the ongoing Covid-19 pandemic. Given the global disruption caused by the emergence

of the SARS-CoV-2 virus it is natural that major efforts would aim at the mitigation of the epidemic. The

approach is two-prong: treating infected individuals and preventing the spread of the epidemic. The first lies

in the domain of medicine and pharmacology and thus somehow less amenable to mathematical modelling.

Prevention on the other hand is where modelling can be most useful. Since the onset of the epidemic the main

strategy of the governments, and to tell the truth the only one initially available, was that of non-pharmaceutical

interventions (NPI), consisting in a series of restrictions and recommendations. The various NPI strategies

have been the object of a substantial literature. N. Perra [2] published recently a review article containing a

bibliography of close to 40 articles dealing with the matter. Several governments have set up panels monitoring

the effect of NPI but the general conclusion is that those interventions are not always effective [3]. This is due

to the fact that epidemic-inducing diseases and human behaviour are intimately related and, in fact, in ways not

clearly understood. The European Centre for Disease Prevention and Control, in their report [4] points out that
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while the NPI did succeed in reducing the impact of COVID-19 in Europe, they also had a negative impact on

the general well-being of people, the functioning of society, and the economy in general. Their recommendation

is that the NPI be tailored to the local situation, avoiding “one size fits all” type measures. Our work [5]

adopted precisely such a point of view. In that work we analysed the first wave of the epidemic in France,

which was accompanied by a lockdown mandate, and investigated the possible lockdown-exit strategies. Given

that the relaxation of the confinement measures could be accompanied by a new epidemic wave we investigated

possible ways to moderate its amplitude. In a similar work Fokas and collaborators [6] studied the affect of

lockdown measures in Greece, investigating the possibility of age-specific exit strategies.

While NPI can indeed contain an epidemic or at least limit its spreading, the best prevention strategy is vacci-

nation. And, of course, it is not limited to the Covid-19 epidemic. The Vaccine Impact Modelling Consortium

[7] investigated the impact of vaccination against a collection of pathogens concluding that millions of deaths

can be avoided with timely vaccination. In the case of the Covid-19 pandemic the production, in record time,

of efficient vaccines, moreover available in large numbers, was a real game-changer. The large-scale vaccination

campaigns, first in Israel, then in the US and now in most European countries have established the efficiency

of the vaccines. The data from Israel allowed Mahase [8] to conclude that “Israel sees new infections plummet

following vaccination”. A report for the US Center for Disease Control [9] followed 100 million vaccinated par-

sons registering around 10 thousand breakthrough infections, confirming the exceptional vaccine efficiency. In

[10] we studied the effect of vaccinations on the number of hospital admissions, focusing on the possible delays

on the launching of the vaccination campaign as well as the consequences of age-prioritisation.

What has motivated the present study is the appearance of a new virus mutation, the variant know today as

“delta” [11]. First detected in India, the variant is characterised by a substantially enhanced infectivity [12],,

even when compared to the variant known as “alpha”, first detected in the United Kingdom [13], which was

largely responsible for the appearance of a third epidemic wave in a slew of countries. The appearance of the

delta variant has raised several questions, among which the prominent one is “will there be a fourth wave”, and

if yes, “when will it arrive”, “will it become the dominant variant” [14],“who will it mainly affect” [15], “what

will be its impact on the health system” and so on. We intend to address these questions in the framework

of a model based on the SIR one used in previous works of ours. Moreover we shall investigate the effect of

population circulation and concentration associated to the vacation period. Since the first assessments point

towards a slightly diminished efficiency of the existing vaccines in dealing with the delta variant [16], we will

include such an effect in our model. By going back to our two (young-old) population model, introduced in

[10], we shall try to identify the sub-population mainly concerned by the epidemic resurgence, the impact of

the latter on hospitalisations and the possibility to mitigate the consequences by a targeted acceleration of

the vaccination campaign. Finally we shall study the (spoiler:dire) consequences of the attitude of vaccination

deniers of the evolution of the fourth wave.

2. The model

The continuous model

The model we shall use in the present study is the venerable SIR model. It was introduced a century ago by

Kermack and Mc Kendrick [17] and, in its simple, original form, considers a population spilt into three parts:

the ‘susceptible’ individuals who can catch the infection S, the ‘infective’ ones who can transmit the disease I,

and the ‘removed’ R who either died from the disease or, having recovered, are immune to it. The SIR model

is expressed as a nonlinear differential system

dS

dt
= −aSI
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dI

dt
= aSI − λI (1)

dR

dt
= λI,

where a is the infection rate and λ the removal rate of the infected individuals. The form of (1) ensures that the

total population S + I +R is a conserved quantity. Assuming that S, I and R are fractions of the population,

we can normalise this quantity to 1. The ratio a/λ defines what is called the basic reproduction number, usually

referred to as R0. It corresponds to the number of infections in the susceptible population resulting from a

single infection. The parameter λ fixes the time scale. In the case of the COVID-19 epidemic the value of λ−1

is 5 days, as we argued in [5]. Many modelling studies, aimed at the Covid-19 epidemic, favour the use of the

SEIR model over that of SIR [18]. However, as argued in [19] we prefer the use of the simpler model. Our main

argument, based also on the work of Aleta and Merano [20], is that there exists a perfect correlation between

the results of the two models. The main effect of the presence of the extra, “exposed”, component in SEIR is

just a tunable delay in the growth of the epidemic compared to the SIR results.

When a new variant of the virus appears, with characteristics different form the existing one and starts infecting

people the equations should be modified accordingly. We introduce a new infective population J and obtain

the system
dS

dt
= −aSI − bSJ

dI

dt
= aSI − λI (2)

dJ

dt
= bSJ − λJ

dR

dt
= λ(I + J),

where b is the infection rate of the new variant. Since we assume that the new variant appears only at some

point during the evolution of the epidemic, the quantity J is initially zero and starts growing when a small, seed,

quantity is introduced at some time step. For simplicity we assume the same value of λ for the two variants,

accounting for any possible difference through the value of the infection rate.

After a year and a half into the epidemic a feature is emerging: it displays seasonal variations. Already at the

appearance of the epidemic, laboratory studies [21], [22] of the effect of ultraviolet radiation on the virus had

hinted at a possible seasonality. More studies are now supporting this argument based on an analysis of existing

data [23]. Watanabe [24] compared the evolution of the epidemic over the first few months of the year in the north

and south hemispheres obtaining substantial differences, providing thus a clear statistical evidence in favour of

seasonality. Introducing seasonality in the SIR model is straightforward: it suffices to make the parameter a

time dependent and assume that it varies periodically around some mean value with a period corresponding

to one year [25]. A simple way to do this is by introducing the sinusoidal expression a(t) = α + β cos(2πt/T )

where T stands for the duration of a year. The phase of the cosine chosen corresponds to the maximum of a(t)

occurring at the beginning of the year, representing the situation in the northern hemisphere. A phase shift

of T/2 would be necessary in the case of the southern hemisphere. All our simulations will deal with a north-

hemisphere epidemic which exhibits seasonality, waning during winter, waxing during summer and reappearing

again during the autumn period.

Starting from the simple SIR model we shall now modify it (minimally) so as to take into account the various

effects we wish to study, starting with vaccination. One important question that can be raised is that of

immunity. Several studies have concluded that a Covid-19 infection generates a substantial immunological

memory [26] and thus individuals who have recovered can mount an effective response upon re-exposure [27].
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Concerning the immunity conferred by vaccination we believe that the extensive statistics of the CDC settle

the question. Thus we construct a model sans-reinfection. Assuming a constant-rate vaccination we have

dS

dt
= −a(t)SI − v

dI

dt
= a(t)SI − λI (3)

dR

dt
= λI + v.

where v is the (constant) vaccination rate. This is not an essential constraint. We can easily made the rate time-

dependent and also dependent on the other components of the model as explained in [10] where we simulated the

effect of vaccination awareness. The tacit assumption in (3) is that the vaccine efficiency is perfect. However,

in view of the first results concerning the delta variant, this may be particularly optimistic. Relinquishing this

assumption does not present any problem. We assume that the vaccine has an efficiency f , smaller than 1 [28],

and this results into a number of vaccinated individuals who can be infected and introduce the population U of

persons who remain susceptible after having been vaccinated. (We can also assume that the fact that they are

vaccinated attenuates somewhat the probability that they be infected, resulting in an infection rate c smaller

than the initial one a. However in the absence of hard evidence on this point we shall not allow for such a

freedom in our simulations, taking c = a). The SIR system for partially efficient vaccination is

dS

dt
= −a(t)SI − v

dU

dt
= vf − c(t)UI

dI

dt
= a(t)(S + U)I − λI (4)

dR

dt
= λI + v(1 − f).

The SIR model, simple and realistic though it is, has a serious drawback: it lacks spatial dependence. The

main assumption in (1) is that everybody is in contact with everybody else, as if they were concentrated on a

single point. This is not what is observed in the evolution of the epidemics, which have usually a rich spatial

structure [29]. Travelling plays an essential role in the spreading of the epidemics. Several approaches [30], [31]

have been contemplated, in the pre-Covid era, in order to palliate this SIR shortcoming. In [19] we introduced

our own approach to population recruitment, which consists in assuming that there is an influx of susceptible

individuals. Introducing the recruitment rate µ(t) we obtain the system

dS

dt
= −a(t)SI + µ(t)(1 − S)

dI

dt
= a(t)SI − λI − µ(t)I (5)

dR

dt
= λI − µ(t)R.

Given the form of (4) it is clear that if we start with S + I +R = 1 the recruitment effect does not modify this

constant of motion. The simplest case, explored already in [19] (and which will be considered in this paper),

is the vacation-associated recruitment. In this case µ(t) is a step function, µ = 0 for t < 7 months, µ = µ0 for

7 < t < 9 months, and µ = 0 for t > 9 months (for European countries).

Discretising the SIR model
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In order to proceed to simulations it is necessary to obtain a discrete form of the SIR equations. Instead of

using a black-box integration routine we prefer to construct our own discretisation based on the method we have

presented in [32]. It follows the ideas of Mickens [33], [34] and is based on the fact that the quantities appearing

in the SIR model are by definition positive. (In the case of SIR, Hethcote [35] has shown that the positivity of

the solution is guaranteed provided one starts from positive initial conditions). The prescription proposed in

[32] can be cast in a most simple form: ‘if all quantities are positive, no minus sign should appear anywhere’.

We start from (3), introduce a forward difference of the time derivative, with time step δ, a staggering in the

nonlinear terms. The only remaining minus sign comes from the vaccination term. The same difficulty was

encountered in [32] where we proposed a simple solution. It suffices to replace the −v term by −vS/S and

introduce the staggering −vSn+1/Sn. We obtain thus the discrete analogue of (3)

Sn+1 − Sn

δ
= −anInSn+1 − v

Sn+1

Sn

In+1 − In
δ

= anInSn+1 − λIn+1. (6)

Rn+1 −Rn

δ
= λIn+1 + v

Sn+1,

Sn
.

and, solving for the points at (n+ 1), we have

Sn+1 =
Sn

1 + anδIn + vδ/Sn

In+1 =
In(1 + anδSn+1)

1 + λδ
(7)

Rn+1 = Rn + λδIn+1 + vδ
Sn+1

Sn
.

Given the structure of (7) it is clear that Sn + In + Rn is a conserved quantity and, since we shall work with

fractions of the population, we normalise it to 1.

For completeness sake we give also the discrete equations corresponding to the population recruitment, as

modelled by system (5). We start from the solution at point (n+ 1) obtained, say, from (7) and introduced the

recruitment function M = δµ. We find

S̃n =
Sn +Mn

1 +Mn

Ĩn =
In

1 +Mn
(8)

R̃n =
Rn

1 +Mn
.

It is clear that, thanks to the presence of the denominators, we have S̃n+ Ĩn+R̃n = Sn+In+Rn = 1. As already

mentioned the estival habits in most European countries are such that a non-negligible part of the population

travels to the preferential destinations of vacationers. Our recruitment function will be a simple constant M ,

non-zero over two summer months.

3. Simulation results

In this section we are going to present results obtained from simulations based on equation (3). In all these

simulations we assume that the epidemic is seasonal, the amplitude of its infectivity being modulated by a factor

1 + 0.25 cos(2πt/T ) and we fix λ−1 = 5 days. Moreover, unless otherwise explicitly stated, we assume that the

vaccine efficiency is total. The first set of results concern a single population without any age stratification.
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Results for a single component population

For all the figures presented in this section, the simulation starts with I(0) = 1. 10−7, R(0) = 0 and S(0) =

1−I(0) for the first variant. The second variant is introduced at time t0 = 5 months and J(t0) = 1. 10−6. When

present, vaccination starts at t = 2 months. The reproduction number varies with time, because of seasonality:

a(t)/λ = a0(1.0 + 0.25 cos(2πt/T ))/λ for the first variant and b(t)/λ = b0(1.0 + 0.25 cos(2πt/T ))/λ for the new

variant, and T = 12 months. The values of the reproduction numbers are given in the captions.
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Figure 1 Temporal evolution of the infective fraction of the population under the action of the first variant,

with seasonality and vaccination. The reproduction number is a0/λ = 1.4. For vaccination, v/λ = 5 10−4 and

its efficiency is 100% (f = 0).

Figure 1 shows what would be the expected evolution of a moderately virulent epidemic under a low-rate

vaccination campaign. Under the influence of seasonality the number of infections abates during the summer

months only to increase again with the arrival of autumn. Still the effect of vaccinations (provided the rhythm

is not disrupted) is such that the second, winter, wave is of lower intensity than the first.
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Figure 2 Temporal evolution of the infective fraction of the population, with seasonality and vaccination, for

the two variants. For the first variant (black line), a0/λ = 1.4. The delta variant (red line) is introduced at

t = 5 months and is characterized by an infectivity b0/λ = 1.8. The rate of vaccination is: v/λ = 5 10−4 and
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its efficiency is of 100% (f = 0).

Next we assume that a slightly more infective variant of the virus makes its appearance at the end of May (at

which point 25 % of the total population have acquired immunity through vaccination of after having recovered

from having been infected) and study its effect on the second wave under the assumption that the vaccination

rate does not change. The results of the simulation are shown in Figure 2. We remark that the number of

infections has increased substantially and that almost all are due to the new, more infective, variant which

has essentially replaced the previous one. However, while the new variant becomes dominant, the temporal

evolution of the epidemic does not change. The second wave arrives only in autumn.

In order to investigate the possible behaviour of an epidemic resurgence due to the delta SARS-CoV-2 variant

some further assumptions are in order. First we assume that the new variant is substantially more infective

than the already circulating ones. Second we tailor our conditions to those prevailing in France (and, in fact,

in most European countries) where the vaccination rate is such that by the time the delta variant did appear

(at the end of May), roughly 50 % of the population had already acquired immunity.
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Figure 3 Temporal evolution of the infective fraction of the population, with seasonality and vaccination, for

the two variants. For the first variant (black line), a0/λ = 1.4. The delta variant (red line) is introduced at

t = 5 months and is characterized by an infectivity b0/λ = 4.0. Vaccination starts at t = 2 months with a rate

of v/λ = 1.8 10−2 and an efficiency of 100% (f = 0).

Figure 3 shows the results of such a simulation. The situation here is totally different from that depicted in

Figure 2. The new epidemic wave appears immediately, during the summer months. However, also due to the

ongoing vaccinations, the amplitude of the wave is not excessively large and the wave disappears before the

arrival of winter, when the quasi-totality of the population is vaccinated.

At this point it is interesting to study the effect of disrupting factors, ones that could alter the details of the

new-variant-induced wave. The first such effect is that of vacations. In previous publications of ours we have

introduced the notion of recruitment, whereupon, due to the population circulation and concentration in the

locations preferred by vacationers, the number of susceptible individuals temporarily increases. The details of

the recruitment mechanism were presented in [19] and we shall not go into them here. Suffices it to say that

we use equation (5), or rather its discrete equivalent (8), with a recruitment during the months of July and

August.
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Figure 4 Temporal evolution of the infective fraction of the population, with seasonality, vaccination and

vacations, for the two variants. For the first variant (black line), a0/λ = 1.4. The delta variant (red line) is

introduced at t = 5 months and is characterized by an infectivity b0/λ = 4.0. Vaccination starts at t = 2 months

with a rate of v/λ = 1.8 10−2 and an efficiency of 100% (f = 0). For the vacations µ0/λ = 5.0 10−4.

The results are shown in Figure 4. We remark that the effect of vacations is far from devastating. The amplitude

of the wave does increase but its temporal extension is not affected. Just as in the non-recruitment case the

wave disappears by autumn.

The second disrupting factor we have studied is the effect of partially efficient vaccinations. The matter is not

yet settled but the consensus is that the current vaccines are slightly less efficient when it comes to the delta

variant. We have thus investigated this effect by assuming a 90 % efficiency.
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Figure 5 Temporal evolution of the infective fraction of the population, with seasonality and a partially ineffi-

cient vaccination against the second variant. For the first variant (black line), a0/λ = 1.4. The delta variant (red

line) is introduced at t = 5 months and is characterized by an infectivity b0/λ = 4.0. Vaccination starts at t = 2

months with a rate of v/λ = 1.8 10−2 and an efficiency of 90% (f = 0.1). For the vacations µ0/λ = 5.0 10−4.

Our results are presented in Figure 5. Just as in the case of the vacation effect, the slightly inefficient vaccines

do not alter the epidemic dynamics. The wave is amplified but does not extend beyond autumn. Despite their
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diminished efficiency, the vaccines manage to curb the epidemic. And, though we are not presenting a figure

for this, the same conclusion holds when one combines the effects of vacations and slightly less efficient vaccine.

The amplitude of the wave increases but its temporal extension does not.

Next we investigate the behaviour of the new-variant-induced epidemic wave on a population where we distin-

guish two age groups.

Results for a two-component population

Up to now we have assumed that the population was constituted by a single group with the same characteristics

as far as the infection is concerned. However it is clear that the various age groups do not respond in the same

way to the infection risk and the requirement of hospitalisation, to say nothing of the probability of demise. In

[10] we presented an SIR-based model where the population was split into two subgroups. As explained there

the infection rate a is not constant anymore. Instead we have a matrix aij , which corresponds to the rate with

which the subgroup j is infecting the subgroup i. We have argued in [10] that , unless one wishes to ask a very

specific question, it is better to stick to the simplest possible generalisation of the single-component population,

namely a two-component one. One group consists of the younger population up to roughly 60 years of age, the

remaining comprising the older individuals. We decided that the “young” correspond to 70 % of the total, while

the “old” make up the remaining 30 % (these proportions are reasonable for most European countries). The

young-old split allows one to answer in a more realistic way questions about the number of hospital admissions

and/or deaths. The assumption is, that given the age split he have opted for, the probability for hospitalisation

is 5 times smaller for the ‘young’ group as compared to that of the ‘old’. As explained in [10], the number of

hospitalisations in a sub-group is proportional to the total number of ”removed” that have not been vaccinated

and the total number of hospitalisations is the sum of the hospitalisations in the two sub-groups. The model

we used is:
dSo

dt
= −aooSoIo − aoySoIy − vo

dSy

dt
= −ayoSyIo − ayySyIy − vy

dIo
dt

= aooSoIo + ayoSyIo − λIo (9)

dIy
dt

= aoySoIy + ayySyIy − λIy

dRo

dt
= λIo + vo

dRy

dt
= λIy + vy,

where a and v may vary with time. Again, the total population is conserved and we can introduce the normal-

isation So + Io +Ro + Sy + Iy +Ry = 1.

The seasonality applies to each element of the matrix: for the first variant, aij(t) = aij(1.0 + 0.25 cos(2πt/T )),

with T = 12 months and we define Rij(t) = aij(t)/λ. We have performed simulations using the same parameters

for the initial reproduction matrix as in [10]: Roo = 1.5, Ryo = 1.0, Roy = 1.0, Ryy = 1.2, where Roy represents

the number of infections among the “old” from one infective “young” person. We multiply the reproduction

numbers for the new variant by a global factor of 3, in order to account for its increased infectivity. For all

the simulations Io(0) = 3.0 10−6 and Iy(0) = 7.0 10−6. The second variant always appears at t0 = 5 months,

Jo(t0) = 1.0 10−6 and Jy(t0) = 1.0 10−6.

The vaccination rate was the same for the two groups but the vaccinations of the young subgroup started one

month later than those of the old subgroup. As a result at the moment of the appearance of the new variant

two-thirds of the old group were vaccinated while for the young group the proportion was not quite one fourth.
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Figure 6 Temporal evolution of the infective fraction of the population, with seasonality and vaccination, for

the two variants, in the case of two age-groups in the population. The continuous line represents the younger

subgroup while the dashed line corersponds to the older population subgroup. Vaccination starts at t = 2 months

for the older subgroup and at t = 3 months for the younger one with a rate of v/λ = 1.1 10−2 for both subgroups.

The efficiency of the vaccination is 100% (f = 0).

The results of the simulation are shown in Figure 6. We remark that the epidemic extends now up to the onset

of winter but it affects almost exclusively the ‘young’ population. Due to this fact the number of hospitalisations

associated with this second wave are just 10 % of those of the first one. Moreover most are related to ‘young’

persons admissions, the old ones accounting for less than 20 % of the total. This is obviously due to the fact

that the younger subgroup is not well protected by vaccination.

In order to investigate the effects of vaccination in the younger subpopulation we performed two different

simulations. In the first we assumed that the vaccination campaign aimed at that group was intensified and a

30 % increase was introduced in the vaccination rate.
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Figure 7 Temporal evolution of the infective fraction of the population, with seasonality and vaccination, for

the two variants, in the case of two age-groups in the population. The continuous line represents the younger

subgroup while the dashed line corersponds to the older population subgroup.Vaccination starts at t = 2 months

for the older subgroup and at t = 3 months for the younger one. The rate of vaccination is: v/λ = 1.1 10−2 for
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the older subgroup and 1.43 10−2 for the younger one. At t = 6 months, the rate of vaccination of the younger

subgroup is multiplied by a factor of 1.3. The efficiency of the vaccination is 100% (f = 0).

The effect of the targeted vaccination we observe is to limit both the amplitude and the temporal extension of

the second epidemic wave, see Figure 7. Moreover an analysis of the results predicts a substantial reduction of

hospitalisations which are now a mere few percent of those of the first wave.

In the second simulation we introduce the vaccination-awareness effect first proposed in [10]. We consider that

the vaccination of the older subgroup pursues with constant rate, while for the younger subgroup we assume

that the vaccination rate is directly related to the number of infected individuals, increasing or decreasing with

the number of infective. The effect of this awareness is slightly counterintuitive. Clearly during the summer

months, when due to the seasonality the epidemic ebbs and the number of infective diminishes, there are relative

few among the younger population who think about getting vaccinated. But, since during winter the epidemic

results in a large number of infections in the younger population, motivating thus accrued vaccinations, the

percentage of younger individuals who are vaccinated when the virulent variant appears is now close to 40 %.
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Figure 8 Temporal evolution of the infective fraction of the population, with seasonality, and two variants, in the

case of two age-groups in the population and with a constant rate of vaccination for the older group and a variable

rate of vaccination for the younger one (proportional to the number of infective). Again, the continuous line

represents the younger subgroup while the dashed line corersponds to the older population subgroup.Vaccination

starts at t = 2 months for the older subgroup and at t = 3 months for the young erone. The rate of vaccination

is v/λ = 1.1 10−2 for the old ersubgroup. For the younger one, the rate of vaccination is proportional to the

density of infective (with a factor of proportionality equal to 2.0 103). The efficiency of the vaccination is 100%

(f = 0).

The results of the simulation are shown in Figure 8. Clearly the behaviour of the epidemic is somewhat

intriguing. The wave, instead of reaching its apex during the summer months, is delayed towards autumn.

Again it concerns almost exclusively the younger population. As a consequence the number of hospitalisations

do not soar, as one could fear looking at the number of infections, and do not exceed a 25 % of the ones

registered during the first wave.

4. Discussion

This paper had a double motivation. On the one hand, the appearance of the variant delta of SARS-CoV-2 is
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a source of real concern. Since the first assessments revealed an increased infectivity it was natural to wonder

how the predictions of the various models of the Covid-19 epidemic stand up with this new challenge. On the

other hand, since the various media propagate quasi-apocalyptic visions, with predictions often off the top of

the head of imaginative reporters, it was imperative to reach some robust conclusions based on reliable models.

The approach we adopted here (and in fact in all our previous studies on Covid-19), was to keep our model as

simple as possible. The advantage of such an approach is that in this way one can master the inputs of the model

resulting into more robust results. We have thus opted for an as simple as possible version of the SIR model,

following Holling’s recommendations of a “somewhat more complex model” [36]. This means that our models

tend to be simple, and we enrich them just when necessary but still shying away from making them too complex.

Starting from a simple SIR model we introduced a seasonally varying virus infectivity in agreement with what

has been (and is being) observed in the evolution of the epidemic. The vaccination campaign, which started for

most countries at the beginning of this year was also incorporated in our model, with the possibility to account

for an incomplete protection from the emerging variant delta. We have also provided for what we have dubbed

the recruitment effect, corresponding to local increase of the susceptible population due to travelling. Finally

an extension of the basic, single population, model to one involving more than one age groups was introduced

along the lines of the approach of [10].

Our man conclusion is that the new variant will probably lead to the appearance of a wave of infections

during the summer months. This is what the media refer to as the “fourth wave”, the presages of which

can be already seen in the evolution of cases in the UK and Portugal. However, and contrary to what is

disseminated, the delta-induced wave is not expected to be of distressing consequences (at least for the majority

of European countries). The successful vaccination campaign has offered a serious protection to the older,

and more vulnerable, population. The delta-related wave is expected to be associated to the younger part

of the population. and while, depending on the details of the scenario simulated, the absolute numbers of

infected individuals can be appreciable (in particular if one considers the cumulative effects of vacation-related

recruitment and slightly inefficient vaccines), the stress on the health system is expected to be manageable.

The key factor in all this are the vaccinations. It is, for instance, essential that the vaccination rate be maintained

during the summer months. Policies aiming at encouraging and facilitating the vaccination of the younger

layers of the population will have a most beneficial effect on the mitigation of the epidemic. Which brings

us to the last point we wish to touch upon in this work. We have been worried from the outset about the

assumption concerning the constant character of the vaccination rate. It is now clear that a certain group of

the population are vaccination-deniers [37] and would not get vaccinated, despite been confronted with the

devastating consequences of Covid-19. We have thus performed a final simulation where we assumed that 25 %

of the population will not get vaccinated.
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Figure 9 Temporal evolution of the infective fraction of the population, with seasonality, for the two variants,

in the case of only one age-group but with a fraction of vaccination-deniers. Vaccination starts at t = 2 months

with a rate of v/λ = 1.8 10−2 and an efficiency of 100% (f = 0). The fraction of vaccination-deniers is 25%.

The results are shown in Figure 9. Admittedly 25 % is rather high since it lumps together hard-core deniers and

hesitant [38]. Be that as it may the predictions of the simulations give pause for thought. If the vaccinations

stop when just 75 % of the population are protected the fourth wave may develop into a huge one extending all

the way to the end of spring. And, while spread over a larger time interval, the total number of hospitalisations

can be comparable to that of the previous wave. Thus the one recommendation one can formulate based on

the results of our simulations is that vaccinations should continue unabated and that no effort should be spared

when it comes to convincing those who still hesitate.
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